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BBEIEHWUE

JIOTUKY MOXKHO OIIpenemTh KaK HAYKY O NPABUJIBHBIX cIOCODaX pac-
CYKJIIEHUsI, T. €. TAKNX CHOCODAX PACCYKIEHUsI, IIPU KOTOPHIX U3 BEPHBIX
NCXOOHBIX IIOJIOXKEHU II0JIyYalOTCsl BEPHbIE Pe3yJIbTaThI.

KoHedHO, MOXKHO paccyXkiarb u 0e3 HAayKU O IIPABUJIBHBIX PACCY-
kaeanax. OIHAKO B HEKOTOPBIX CJIyYasaX MOTPEOHOCTh B TaKO# HaykKe
BCe K€ BO3HHKaeT. B JacTHOoCTH, Takad CHTyallns CJIOXKINJIACh B Ma-
TemaTuke B KoHIle XIX — magajsie XX BB., KOTOa ObLIA OOHAPYKEHBI
TapaJOKChl B TEOPUHU aOCTPAKTHBIX MHOXKECTB, paspaborannoii I'. Kan-
TopoM. AHa I3 NapagoKCOB IIOTPEOOBAJI BHIMATE/ILHOIO UCCIEI0BAHUA
paccyxKIeHuili, MpuMeHsieMbIX B MaTeMaTuKe, I TeM CaMbIM BbI3BaJl He-
0OXOIMMOCTD B PA3BUTUN HAYKU O PACCYKICHUAX, T.€. JIOTUKMN.

Yr10o0bI ToTTKa MOTJIa OOCJIYKMBATh CAMYIO TOYHYIO U3 HAYK — MaTe-
MaTHUKYy, OHA CaMa, JOJI2KHA ObITh TOYHOI HAYKOIi, T. €. OHA NOJIKHA UMETh
IeJI0 ¢ TOYHBIMHA MaTeMaTHYeCKAMU HOHATUSMHI U IIPUMEHATh TOYHBIE
MaTeMaTndecKrue MeTonabl. TakKoBa MaTreMaTrmdecKas JIOTUKa — HayKa
O MaTeMaTUYIeCKNX PACCYKIECHUAX, IOJIb3YIOMAACSI MaTeMaTHIeCKIMNI
MeTOIaMU.

CoBpeMeHHasT MaTeMaTUIecKasa JIOTUKA IIPEICcTaBIgeT coboii obiup-
HBIA 1 pa3BeTBJIEHHBIN pasies Maremaruku. (Ha, KOHEYHO, MOJIE3HA
N OJd OPYIUX HAYK, HOCKOJIBKY B HUX HCHOJIB3YIOTCS PACCYKOCHNI,
IOKa3aTesbCTBa, U T.1I. B HacTodAmee BpeMsi pa3spadOTaHbI IIPUJIOXKeE-
HIA MATEeMATUYIeCKO JIOTUKN K IPYTUM pa3dejaM MaTeMaTuKU, a TaKXKe
K KUOEepHeTHKe U IPOrpaMMUPOBAHUIO.



I'TABA 1
IDJIEMEHTBI TEOPUN MHO2KECTB

§ 1. OcHOBHBIE ITOHSITHUS TEOPpHHA MHO2XKECTB

B Hava ILHBINA Hepuon, pa3BUTHs TEOPUI MHOXKECTB II0Ib30BAJINCH MH-
TYUTUBHBIM NoHsiTreM MHOKecTBa. Corstacao Kanropy, muosxcecmeo —
9TO JII0O0Ee 00beaUMHEHNE B OJIHO IeJIoe OIpeae/IeHHBIX OObEeKTOB, KOTO-
pble HA3BIBAIOTCS IAEMEHMAMU DTOTO MHOXKECTBa. ToT (akT, 4T0 &
ecTh Jj1eMeHT MHOxKecTBa A, zanuceiBaercsa tak: x € A. Ecom z € A,
TO TOBOPSAT, 94TO A comep:KuT x uam 410 r npuHagaexutr A. Ecan xe x
He sABJISETCI DJIEMEHTOM MHOXKecTBa A, numyT = ¢ A.

IIBa muoxectBa A 1 B cAuTalOTCsI pasHbMU, €CJIU OHU COCTOSIT U3 OJ-
HIX U TeX e 3JIeMeHTOB, T. €. KaXKIbIil 3/1eMeHT MHOXKecTBa, A mpuHai-
JIEXKUAT MHOXKECTBY B 1 KaxkKObIll 3/IeMEeHT MHOXKECTBa B IpUHAIJIeKUT
mHOxkecTBy A. 3amuch A = B o3uauaer, uro A u B paBubl, a A # B —
yro A 1 B ne paBubl. 3amnuchk A C B o3Havyaer, YTO KaxK/Iblil /1€ MeHT
MHOKecTBa A saBJIsseTcsa Takike 3J1eMEeHTOM MHOXKeCTBa B; B 3ToM CJIy-
yae TOBOPAT, UTO A sABJIsIeTCA NodMHOHCECMBOM MHOXKECTBA B 1 4ro
A exarwoueno B B. Ecin A C Bu A # B, To A Ha3pIBaeTCsa cobcmeer-
HoIM nodmHodcecmeom B, u B srom ciayuae numyt A C B. Muoxe-
CTBO, HEe COOepiKallee 3JIeMEHTOB, HA3hIBAETCA IIyCTHIM 1 0003HAYAETCS
. CemeiicTBO BCcex IIOOMHOXKECTB JAHHOIO MHOXKecTBa A obo3Hadaercs
P(A).

MHOKeCTBO, 9/IeMEHTaMII KOTOPOTO SABJIAIOTCS JAHHBIE OOBEKThI A1,
as, ..., obosuadaercd {ai,as,...}. Hanpumep, {a,b} ectb MHOKECTBO
c asiementamu a u b. Ecawm npu sTtom a # b, T0 {a,b} HazbIBaercs
HeymopsAnoYentolt mapoit oovekToB a u b. MuoxectBo {a,a} MOxHO
0003HAYNTH TakKe {a}. DTO OIHOIIEMEHTHOE MHOKECTBO C 3JIEMEHTOM
a. Yepes {z | ®(x)} obo3HavaeTcs MHOKECTBO TAKUX 3JIEMEHTOB I, IJIs1
KOTOPBIX BBITIOJIHsIETCsT yCaoBue P(x).

MuoxkectBo AU B = {z | x € A uiu x € B} nHaspBaeTcs obsedune-
nHuem mMuoxects A u B. Ilepecevenuem mHOKecTB A n B mHasbiBaeTcs
muOoxkecTBO ANB ={x |x € Aux € B}. Pasnocmovio vaoxects A u B
rHa3biBaeTca MHOKecTBO A\ B={z |z € Au x ¢ B}.
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¢ 2. Bunapablie oTHoIIEeHUA U (PYyHKIIUHU

Hepes (a, b) obosHadaeTcss ynopadouertasn napa IByX 0ObEKTOB a u b.
OcHOBHOE CBOMCTBO YIOPSIIOYEHHBIX AP TAKOBO: KAKOBBLI Obl HI ObLLIN
O00BEKTHI a1, Gz, by, by, paBercTBo (a1, b1) = (as,bs) UMeer mecTo TOrIA
1 TOJILKO TOTOa, KOTHa a1 = a2 1 by = by. Boobmie, njist 1ro0oro nary-
PaJIbHOTO YUHMCJIa 72 MOXKHO 00pas3oBaTh KOPTEXKW HJIMHBI 1 (MM, Kak
WHOTIA, TOBOPSIT, YIOPAJIOYEHHBIE N-KU) OOBEKTOB (a1, ... ,0n) C TEM
cBOiiCcTBOM, 4TO {G1,... ,ay) = (b1,...,b,) TOTMIa U TOJBLKO TOrIA, KOTIA,
a; :bi (Z: 1,... ,n).

Ipsamoim (mm dexapmosvim) npoussedenuem muoxkects A u B Ha-
3BIBAETCS MHOKECTBO A X B, cocrosiee n3 BCex TaKnX yIOPAJOIYEHHBIX
nap {a,b), atoa € A u b € B. Anajsorndno onpemnesisiercs mpsMoe Mmpo-
n3BeneHne MHOxKecTB Aq,..., A, Kax MHOXKECTBO, COCTOSAINEE U3 BCEX
TaKUX KopTexeit (ai,...,a,), 410 a1 € A1,... ,a, € A,.

Buraprvim omruoweruem MEXIY sjeMenTaMu MHoxecTB A u B na-
3pIBaeTCA JIroOoe ToaMHoOKecTBO K muoxkecrsa A X B. YHacro BMecTO
(x,y) € R mumyTt xRy. Obaacmvio onpedesenus OGUHAPHOTO OTHOIIIE-
Husg R HasbIBaeTCcss MHOXKECTBO dr, COCTOMAIIEE M3 BCEX TAKUX T, UTO
(x,y) € R xoTda Obl 01 omHOTO Y. Mnoocecmeom 3navernud pgp OuHApP-
HOTO OTHOIIIEeHNsT [? Ha3bIBaeTCss MHOXKECTBO BCEX TAKUX Y, UTO (x,y) € R
XOTsA ObI J1d ogHOro . Obpamuvim omuoweHueMm IJis1 OMHAPHOTO OTHO-
menus R HasbIBaeTca MHOXKeCTBO R™L cocTosmee u3 Bcex TaKuX yHoopsi-
TOYEHHBIX map {(x,1y), u4to (Y, x) € R. 3ameTnm, 910 dp-1 =pR; Pr-1 =0R.
Ecan Ry — oTHOmmeHne Mex Iy sjeMenTamu MHOXKecTB A u B, a Ry —
OTHOIIIEHNE MEXKIy dJieMeHTaMu MHOxkecTB B u C, TO MOXKHO o0Opas3o-
BaTh npouseedenue (Komnosuyur) orHomenuit Ry u Ry. Ilponssemenn-
eMm 1 o Ry oraHomennii R u R Ha3bIBAETCsI OTHOMIEHNE MEXKIY DJIe-
menTamu MHOxKecTB A u C', cocrosinee u3 Bcex nap (x, z), A1 KOTOPbIX
Haligercst Takoii ssiement y € B, uro (x,y) € Ry u (y, z) € Ry. Hanpumep,
ecau M — MHOXKeCTBO BCEX XKUBYIIUX I KOTIA-JTMO0 XKUBIINX MY 2K IMH
Ha 3emsie, a orHomenue R C M x M cocrout u3 Takux nap (x,y), 910 T
ABJIAETCA OTIOM Y, TO R~! — 3T0 OTHOIIEHNE, COCTOAIIee U3 TAKUX IIaP
(r,y), 9TO T ABJsSIETCsI CBIHOM ¥, a R o R — oTHOIIeHne, COCTOIIee 13
BCEX TAKUX IMap (&, y), 9T0 T ABJIAETCS JIEIYIIKOI Y 110 OTIOBCKOM JINHNM.

Otrnomrenne f HaspiBaercs gynkyueti, ecan u3 {(x,y) € fu (x,z) € f
caeayer y = z. Dyuknua f maswiBaercst pyuknmeir us3 A B B, ecin
o0f C A, pf C B; ecomn npu s1toM 0 = A, To numyt f : A = B.
Ecan f — dbyukuus n (x,y) € f, 10 00braHO MmyT y = f(x) u Ha-
3LIBAIOT Y 3Ha4eHuem (PYHKIMU [ IIpU 3HAYEHNM apryMeHTa . Ecian
He CyIIeCTBYeT Takoe y, 4To (x,y) € f, To BoipaxeHnue f(x) cuuraercs
HeonpedeneHHbLM.
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Cpenu dyukIuii u3 A B A BbIIEINM TaK HA3BIBAEMYIO MOHCIECTNEEH-
wyro dynkyuro idy = {(zr,x) | x € A}. OdeBunno, 4to ids(x) = =,
KaKOB ObI HU OBLT 3JIeMeHT & € A.

Oynkmusa f Ha3BIBACTCA NOCACJOBAMEABHOCMBI, €CJIU ee 00JIaCThb
OTIpeNieIeHns — 9TO MHOXKECTBO HaTypaJsbHbX uncesa N = {0,1,2,... }.

B cay4ae, korma mHO)kKectBa A 1 B coBnamaioT, OMHApPHOE OTHOIIIE-
are R Mexmy sjieMeHTaMu MHOXKeCTB A m B HasbBaeTcss OuHapHbim
omuowenuem Ha mroxcecmee A. bunapnoe ornomenune R Ha MHOXKe-
crtBe A HaswpIBaercs:

pepaercushoim, ecru (x,x) € R njis Bcex x € A;

uppepaercusroim, ecau (x,x) ¢ R njs a000oro x € A;

cummempuyrvim, eca u3s (x,y) € R cnenyer (y,x) € R;

aHmucuMMmempuwHuLm, eciu u3 (x,y) € R u (y,x) € R cneny-
er T = y;

mpan3umuervim, ecia u3 (x,y) € R u (y,z) € R caenyer (z,z2) € R.

BunapHoe oTHOIIEeHne HA MHOKeCTBe A Ha3bIBAETCS 4acmuuHbiM Yno-
padoveruem (AU 4ACMUNHBIM NOPATJKOM), €CJIH HTO OTHOIIEHUE pe-
(bsIeKCUBHO, AHTUCHMMETPUIHO M TPAH3UTUBHO. YacTuuHOE yHmopsmgo-
yeHne OObIYHO 0003HAaYaeTCsl CUMBOJIOM <. MuoxectBo A ¢ 3amanHbIM
Ha, HEeM YACTUYHBLIM MOPAOKOM < HA3BIBAETCA YACMUYUHO YNOpadouer-
nowm 1 obosnadaercs (A, ).

BunapHoe OTHOIIEHNEe HA MHOXECTBe A HA3BIBAETCS CMPOZUM “a-
CNMUYHBLM Ynopsdoveruem (MIH CMPO2UM 4ACTNUYHBIM NOPATKOM), €CIIN
9TO OTHOIIEHNE uppedIeKCUBHO U TpaH3uTuBHO. (CTporoe 4acTuvHOE
yIIOPsiIoYeHne OOBITHO 0003HaYaeTcsa cuMBoJIoM <. MHoxkecTBo A ¢ 3a-
IAHHBIM Ha HEM CTPOIMM YACTUYHBIM MOPSIIKOM < HA3LIBACTCA CMPO20
wacmuHo ynopadowertom n obozuadaerca (A, <).

BunapHoe oTHOIIEHNE Ha MHOXeECTBe A HA3BIBAETCA OMHOUEHUEM
IKBUBANEHTNHOCNY, €CJIN ITO OTHOIIeHNe PedIeKCUBHO, CUMMETPUIHO
1 TPAH3UTHUBHO.

YupaxHeHHs.

1. Ilycrs A u B — KOHeYHBIE MHOXKECTBA, COCTOSIINE U3 11 U N
9JIEMEHTOB COOTBETCTBEHHO.

a) CKOJIbKO CyIecTByeT OMHAPHBIX OTHOIIEHUT MEXKIY 3JIeMeHTaMu
MHOXKeCTB A u B7

6) Ckostbko mmeercst GyHKIm 13 A u B 7

2. O6pasyoor Jiu OMHApHbIE OTHOIIEHUS HA MHOXKECTBe A I'DYIILy
OTHOCHUTEJIBLHO orepanuii o m —+ 7

3. oxazarb, uyTo 11 Jiobbix pyakmuil f : A - Bug: B — C ux
Kommosuis f o g sieasiercst pyukumeit us A 8 C, npuaem (f o g)(x) =

= g(f(z)).
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4. JIlokasaTh, YTO BCIKOE CTPOroe YaCTUIHOE YIIOPSIIOUYCHUE sIBJIsIeT-
Csl AHTUCUMMETPUIHBIM.

5. Ilycts (A,<) — YacTUIHO yMNOpsAIJOUEHHOE MHOXKeCTBO. Jloka-
3aTh, 4T0 OuHapHoe otHomenune R = {(z,y) | * < y u x # y} aBnaercs
CTPOTUM YaCTUYHBIM IOPSAIKOM Ha MHOXKecTBe A.

6. Ilycts (A, <) — CTPOro YacTUYHO YIOPsIOUEHHOE MHOXKECTBO.
Hokasarb, uro 6bmwaapuoe otHomenne R = {(z,y) | z < y wm = = y}
SIBJISIETCS YaCTUYIHBIM IOPAOKOM HAa MHOXKecCTBe A.

7. Ilycts (A, <) — cTporo 4acTUIHO YHOPSIOYEHHOE MHOXKECTBO.
DjieMeHT a € A HA3BIBAETCS MOKCUMAALHbIM, €CTTU B A He CyIIecTBY-
eT Takoii sjieMeHT b, yro a < b. Ilokaszarb, 4TO ecjii MHOKecTBO A
KOHEYHO, TO B HEM CYIIECTBYET MAKCUMAJILHBLINA 3JIEMEHT.

8. Ilycts R — oTHOIIIEHIE SKBUBAJIEHTHOCTH Ha MHOKecTBe A. Kaac-
COM IKBUBAAECHIMHOCTIU DJIEMEHTA a € A HA3BIBAETCsI MHOXKECTBO

la] = {z | {a,x) € R}.

Iokaszarb, 4TO /1 JIFOOBIX 9JIEMEHTOB a,b € A ux KJj1acchbl PKBUBAJICHT-
HocTH |a] n [b] mubo coBmamatoT, OO HE UMEIOT OOIUX JIEMEHTOB.

§ 3. Bzaumbo OJHO3HaAYHbI€ COOTBETCTBHUA U S5KBHUBAaJICHTHbLIEC
MHO2KeEeCTBa

@yukimss f HaA3BIBAGTCA 63GUMHO 00HO3HawHOU Pynryuel (nan
1-1-pynxyueti), ecm u3 f(x) = f(y) caenyer x = y (BbIpaxkeHune
f(x) = f(y) osnauaer, uro f(x) u f(y) ompenesieHbl 1 X 3HAYEHUS CO-
BramaoT). Hanpumep, id4 sABIsIeTCs B3aUMHO OTHO3HAYHOI (hyHKIINEI.
Boobme, dyuknsa f B3auMHO OJIHO3HAYHA TOIA U TOJIbKO TOrIA, KOIIa
ornomenue f~! apngerca dynknueit. Ecom f: A - Bug: B — C
CYTb B3aMMHO OOHO3HAYHBIE (DYHKIINHU, TO UX KOMIIO3UIIUS f © g TakkKe
eCThb B3aUMHO OIHO3HAIHAsSA (PYHKIIUA.

B3zaumno odHo3HauHBIM cOOmMmBEMEMEeueM MEXIy MHOxKecTBaMu A
n B Has3pIBaeTCA TaKasl B3aUMHO OOHO3Ha4HasA PpyHKIus f : A — B,
910 py = B.

MuoxkectBa, A u B Ha3bIBAIOTCA PAGHOMOUHBLMU, €CJAU CYIIECTByeT
B3aMMHO OZHO3HA4YHOE cooTBeTcTBHE Mexkay A u B. UToObl BHIpA3UTH,
yto A m B paBaHomMomnbl, numyTt A ~ B.

Teopema 1. Kakossr 661 HE Ot MHOKECcTBa A, B, C,
1) A~ A;

2) ecctu A~ B, o B ~ A;

3)ectm A~BuB~C,10A~C.
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IlokaszaTreabcTBO. JIerko nmpoBepsaeTcst COPaBEIJINBOCTL CJIEIY-
IOINX YTBEPXKICHUIA.

1) @yukiust ¢d 4 ABJISETCS B3AUMHO OJIHO3HAYHBIM COOTBETCTBUEM Me-
xay A u A.

2) Ecoim f — B3amMHO OmHO3HAYHOE COOTBeTCTBHUE Mexkay A m B, 1o
f~! ecTh B3amMHO OmHO3HAYHOE COOTBeTCTBUE MexXay B u A.

3) Ecau f — B3amMHO omHO3HAYHOE cooTBercTBHE Mexnay A u B,
a ¢ — B3aUMHO OOHO3HAYHOE cOOTBeTCcTBUE Mexkay B u (', To UX KOM-
mo3uiiis f © g ecTh B3aUMHO OIHO3HaIHOEe coorBercTBHe Mexay A u C.

Otcroga HEMenJIeHHO CJIeIyeT YTBep:KIeHUe TeOPEeMHbI.

Teopema 1 mokaszaHa.

PaBHOMOIlLHbIe MHO2KECTBad HAa3bIBAIOTCA TaK2Ke 3K6UGANANECHTTIHBIMU.

§ 4. CueTHBbIEe MHOXK€ECTBa

HenycToe MHOXKECTBO HA3bIBAETCS C4eMHbIM, €CJTH OHO €CTh MHOXKe-
CTBO 3HAYEHMII KaKOi-JImbO mocjenoBaTebHOCTH. IlycToe MHOXKeCTBO
10 OIIPeeJIEHUI0 OTHOCUTCA K CUETHBIM.

[Ipumep 1. Jloboe KoHEUHOE MHOXKECTBO sIBJIAETCHA CUeTHBIM. [leii-
crBuTeabHO, iyctb M = {ag,... ,ap—1}. Paccmorpum mocsienoBaresinb-
Hoctb f : N — M rtakyto, ato f(x) = a;, rme | ecTh OCTATOK OT JIeJICHUSI
r "Ha n. O4yeBuaHO, 4TO pr = M.

[Ipumep 2. HarypaJsbnublii pssg N — caeTHOe MHOXKECTBO, IIOCKOJIb-
Ky OH sIBJIAETCSI MHOXKECTBOM 3HadYeHUl pyHkmun idy : N — N.

[Ipumep 3. Ilycrh man HEKOTOPLIA aapasum, T.e. HADOP DJIEMEH-
TapPHBIX 3HAKOB, HA3bIBaeMbIX Oyxeamu. KoHedHbIil psan OYKB, HAIILCAH-
HBIX JIPYT 33 IPYTrOM, HA3BIBAETCs CA060M B HaHHOM aJjihasure. luorma
ObIBaeT yaoOHO pacCMaTPUBATh TaKiKe IIyCTOE CJIOBO, COBCEM HE COIep-
)Katee OyKB 1 00bIaHO obo3Hagaemoe A. Ecom andasur A Koneuen, To
MHOKecTBO A* Bcex cjioB B ajipaBure A c4eTHO.

HeitctBurenbno, nycts A = {S1,...,5,-1} (p > 2). Oupenesum mo-
cienoBaresibHOCTD f @ N — A* caenyromum obpasom: f(0) = A; ecan
ke r > 0, To pacCMOTPUM 3a0UCh YUCJIA & B P-UIHOW CUCTEMe CUUCJIe-
HIsI, BBIINIIEM B IIOPSIAKE BXOXKICHNsI B HEE BCE HEHYJIEBBIE «IIM(PPHI»
ki,....kn(1 < k; < p-—1) u nomoxum f(x) = Sk, ...Sk, . OdueBun-
HO, 4TO py = A" A WMeHHO, TPOU3BOJIbHOE CJIOBO Sy, . ..S;, ABJIAETCA
snadenueM (pYHKIUYU f IPU 3HAYEHUU apryMeHTa iop” +i1p" 14+ - -+1,.
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[Ipumep 4. Bcsakoe MHOXKECTBO, 9KBUBAJIEHTHOE CYETHOMY MHO-
)KecTBy, cueTHO. [leiicTBuTeibHO, mycTh A — CYeTHOE MHOXKECTBO
n A~ B. Ilycts f : N -+ A — Taxkasa nocen0BaTe IbHOCTD, ITO pf = A,
u nycth g : A — B — B3aMMHO OJHO3HAYHOE COOTBETCTBUE MeXKTy A
n B. Herpynno npoBeputsb, 9T0 UX KOMOO3UIIUA f 0 g €CTh IIOCJIEI0BA-
TeJIbHOCTD, IpUYeM pfo, = B, T.e. B cuerno. Orciona u u3 npumepa 2
MOJIYIa€eM, B YACTHOCTH, UYTO BCAKOE MHOXKECTBO, PKBUBAJIEHTHOE HAa-
TypaJIbHOMY psany, caeTHo. Hampumep, cHeTHBIM ABJIsIETCA MHOXKECTBO
Bcex cioB B asibasute {0,1,2,...,9}, ABAATOMNXCA TECATUIHBIMU 3a-
MUCAMHI HATYPAJIbHBIX YUCeJI, IOCKOJIBbKY OHO, OYE€BUIHO, YKBIBAJEHTHO
HATYPAJIbHOMY PsIOy.

Teopema 2. JIroboe moIMHOXKECTBO CIETHOIO MHOXKECTBa CUETHO.

TokasareabcTtBO. Ilyctb A — cuernoe muoxkectBo, B C A.
Ecmu B — mycToe MHOXKECTBO, TO OHO CUETHO IIO oIpeneJsieHunio. Pac-
CMOTpUM cJjyd4aii, korna B menycto. Torna A Ttak:ke He MyCTO, 1 CyIIe-
CTBYeT IIOCJIEIOBATEIbHOCTh f Takasd, 910 pr = A. Sadurcupyem He-
KOTOPBI 3JieMeHT b € B u onpenejinM IIOCJIeI0BaTeJbHOCT g : N — B
CJICOYIOMNM 00pPa30M:

[ f(x), ecmu f(z) € B;
9(@) = { [ ecin f(x) ¢ B.

OueBunno, 4to ps = B, T.e. B cuerno. Teopema 2 nokazana.

N3 Teopembl 2 1 mpuMepa 3 HNOJIYIAeTCs elle OIHO J0Ka3aTeIHCTBO
CYETHOCTH MHOXKECTBa, JIEeCATUYHBIX 3alUCEll HATYPaJIbHBIX YHCEJI, IO-
CKOJIBKY OHI OOpa3yIOT IIOJMHOXKECTBO MHOXKEeCTBa Bcex cJjioB B 10-
oyksennoMm aJsidpasure {0,1,2,...,9}.

I[Ipumep 5. MaoxecTBo Bcex pamuoHaJ bHBIX uncesa Q cuerno.
HeiicTBUTEIHLHO, BCAKOE PAIMOHAJILHOE UNCJI0 3alNChIBACTC B BUIE HE-
COKpaTUMOit apobu Buma m/n, rae m — [esioe 9ucyo, a 1 — MOJIOKU-
TeJIbHOE IIEJI0€ YHUCJIO, T. €. MHOKeCTBO (Q 9KBUBAaJIEHTHO MHOXKECTBY Ta-
KX Jpobeii, KoTopoe, B CBOIO OoYepenb, ABJIAeTCA IMOIMHOXKECTBOM BCEX
croB B aqdasure {0,1,2,...,9,—,/}. Teneps cuernocts (Q crienyer us
npuMepa 3, TeopeMbl 2 u mpumepa 4.

Teopema 3. ObberuHeHHE CYETHOI'O UHCJIA CUYETHBIX MHOXKECTB
CYETHO.

[lokasareabcTBO. IlycTh JaHo cyeTHoe MHOXKeCcTBO A, njiemeH-
ThI KOTOPOI'O CYTh CYETHbIE MHOXKeCTBa. 1pedyercst I10Ka3aTh CYETHOCTD
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MHOXK€eCTBa B, COCTOsImero m3 BCEX 3JIEMEHTOB, MPUHAIICKAIINX 3JIe-
MeHTaM MHO:KecTBa A. Eciu A mycrto, To B TakXKe NyCcTO M CUETHO II0
onpenenennio. Ilycts A HemycTo u cpeau ero 3/1eMeHTOB eCTh HENyCThIe
MHOXKecTBa. Tak Kak A cuerHO, TO CyIecTByeT TaKasi IIOC/I€I0BATE Ib-
HocTb h: N — A, uro pp = A. Obosuauum h(n) gepes A, (n € N).

Il sob6oro n, ecau A, He IyCcTO, CYIIECTBYeT TakKas IIOCJIEIOBa-
TeJIbHOCTL fn, : N — A,,, uro pp, = A,. 3amerum, uro B HemlycTo,
1 3adUKCUpyeM HEKOTOPBIA syement b € B. Ecau A,, nycro, omnpene-
JIIM TIOCJIefoBaTebHOCTD fn, : N — B Ttak, uro f,(x) = b ma joboro
x. PaccmorpuM O0ecKOHEUYHYIO0 TabJIMILY, B CTPOKAX KOTOPOII MOCJIEIOBA-
TeJIbHO BBINUCAHLI 3HaYeHus MyHKIn fq, fi, fo,...:

T 0 1 2
fo(x) | fo(0) fo(1)=fo(2) ...
4 N /‘
filz) | £1(0)  fi(1) fi(2) ...
Ve ) V
fa(z) | f2(0)  f2(1) fa(2) ...
4 v v

O4eBUOHO, B 2TOI TAOJIMIE COIEPXKATCS BCE DJIEMEHTbl MHOXKecCTBa B
1 TOJIbKO OHHU. llepecuuTniBast 71eMeHTHI TAOJIUIIBI B IIOPAIKE, YKa3aH-
HOM CTPeJIKAMI, MBI IIOJIYINM II0CJIEIOBATEILHOCTD g : N — B, TO eCTb,

9(0) = fo(0), g(1) = f1(0), 9(2) = fo(1), ¢(3) = fo(2),

Tem caMbIM JOKa3aHa CIeTHOCTh MHOxKecTBa B. Teopema 3 mokasaHa.

I[Ipumep 6. MuoxkecTBO A* BCcex c/10B B cueTHOM ajidpapute A cuer-
HO. IeficTBuTesibho, eciu A — cueTHblil asipaBuUT, TO CymECTBYyeT Ta-
Kada nocsegoBaresbHocTs f 1 N — A gro pr = A. Ob6oznaunm f(n)
gepes a, (n € N). Ilycre A4, = {ag,a1,...,a,}. Ilockosbky Jr060€
cJioBO B asipaBute A cocTOmMT JUMIL W3 KOHEYHOTO YHCJa OYKB, OHO
ABJISIETCS OJTHOBPEMEHHO CJIOBOM B OIHOM n3 ajihaButoB A,. (A umen-
HO, CJIOBO G, - ..Q),  ABJAETCA CJIOBOM B KOHeYHOM aJjipaBure Ay, rmie
k = max(ky,...,kn).) Takum obpaszom, MHOXKECTBO BCEX CJIOB B aJI-

* *

dbaBuTe A ecTh OObenMHEHNE CUETHOTO Uncsia MHOXKecTB Aj, AT, A5, . ...
Teneps cueTHOCThH A* BBITEKAET U3 IPUMEPA 3 U TEOPEMBI 3.

Teopema 4. MuoxecTBo 3HaYeHHIT (pYHKIIAHM, OHPEIEICHHOH HA
CIeTHOM MHOXKECTBE, CIEeTHO.
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TokasareabcTtBo. Ilyctb A — cuyerHoe MHOXKEeCTBO, [ — HEKO-
Topasdg PyHKIUA ¢ obJsiacThio onpedesenuss A. Ilockosbky A cuerHo,
CYIIECTBYeT HOCJenoBaTeabHOCTh g : N — A Takada, uro p, = A. To-
ria, OYEBUIHO, g © f €CTb IOCJIeA0BATESIbHOCTD, IPUYEM pg4of = pPf, T. €.
MHOXKECTBO py CHYeTHO. TeopeMa mokasaHa.

[Ipumep 7. [lelicTBUTE/IbHOE YHCJIO HA30BEM (.A2€0DaUECKUM,
eCJI OHO ABJIFAETCA KOpHEM HEKOTOPOIO MHOIOYJIEHA C OJHUM HEM3BECT-
HBIM U C IIeJIbIME KO3 dUImeHTaMu, T.€. MHOIOWJ/IeHa BUIA: aoT" +
‘a1t + - +ap_17 + ay, (ag,a1,...,a, — Heyble ducia, ag # 0).
MHuOKeCTBO aJiredpandeckux 4muces c4eTHO. [lelicTBUTEe IbHO, KaxK bl
MHOTOYJIEH MOXKHO paccMaTpuBaTh Kak cjioBo B ajdasure {0,1,2,...
..,9 2 +4,—}, ecsim BMecto " mmcarb xn (HaopuMep, MHOIOUJIEH
42° —22%+3 3anuceiBaTh Tak: 4r5—222+3). B cuny npumepa 3 u Teope-
MbI 2 MHOXKECTBO BCEX MHOIOYJIEHOB cueTHO. PaccMmorpum dpyHKIINO f,
OIIpedesICHHYIO Ha MHOXKECTBE BCEX MHOTOYJICHOB, 3HAYCHHEM KOTOPOI
Ha OJAHHOM MHOTOYJIEHE SIBJISeTCA MHOXKECTBO KOpHell 3TOro MHOrod4.Jjie-
Ha (KOHEYHOe U, CJIeIOBaTesIbHO, caeTHOe). 1o Teopeme 4 MHOXKECTBO py
SIBJISIETCSI CAETHBIM. Tenepb 3aMeTUM, 9TO MHOXKECTBO BCEX aJiredpamnye-
CKUX YHCEJI — HTO B TOYHOCTH OObeANHEHIE BCEX HJIEMEHTOB MHOXKECTBA,
p#, CIETHOE B CHJIy T€ODEMBI 3.

Teopema d. Bce beckoHeUHbIE CIETHBIE MHOXKECTBA 9KBHUBAJICHTHE.

IHokasatenabcTBo. HoKaxkeMm, 4TO BCAKOE ODECKOHEUYHOE CUYETHOE
MHOKECTBO 9KBUBAJICHTHO HaTypaJsibHOMY pany N. Orcioga u U3 Teope-
MbI 1 OyZeT c/eIoBaTh yTBEPKICHUE TEOPEMHEL.

IIyctb A — Oeckoneunoe cuerHoe mMHOxkecTBO, f : N — A — ra-
Kasd MOCJIENOBATEIBbHOCTD, UYTO py = A. OnpenesmMm HOBYIO (PYHKITUIO
g : N — A cnenyromum obpaszom: g(0) = f(0); g(n+1) = f(k), tme k —
HanMeHbIiee qucyo, takoe, aro f(k) ¢ {g(0),...,g(n)} (B cuay Gec-
KoHeuHocTn A Takoe dmcsio k cymecrtByer nyis Jiroboro n). OueBumHO,
4TO g — B3auMMHO omHO3HaIHOEe coorBercTBUe Mexay N u A. Teopema 5
IOKa3aHA.

YuopaxXHeHU 4.

1. [lokazaTh, YTO MHOXKECTBO BCEX KOHEUHbBIX ITOJIMHOXKECTB CHETHOTO
MHO2KEeCTBa CYETHO.

2. lokazarb, 4TO JII0OOE MHOXKECTBO IIONAPHO HEIePEeCEKAIOMNXC
MHTEPBAJIOB HA OEHCTBUTE/ILHON IIPAMOI CYETHO.

3. llokazarb, 9TO MHOXKECTBO TOYEK Pa3pbiBa MOHOTOHHOI deiicTBU-
TeJbHON (DYHKIIUHU CUETHO.
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3 5. KaHTOpOBCKHH THaroHaJbHBIA MeTO]I,

Teopewma 6. MuooxectBo F Bcex pynxmmii m3 N B muaokectBO {0, 1}
HECYeTHO.

IloxkasareabcTBo. IlpeanmonoxkuM, 970 HaM JaHa HEKOTOPAas MO-
ciaenoBaresibHocTh f @ N — F. Ob6osuagum f(n) gepes f,. Ilomobmo
TOMY, KaK MbI IIOCTYHAJIA IPU JOKA3aTEILCTBE TEOPEMBI 3, PACCMOTPUM
OeCKOHEYHYI0 TabJIUIy, B CTPOKaX KOTOPOU BbIIIMCAHBI 3HAYEHUST (DYHK-
nuii fo, f1, fo,.... Temepp omnpenesmuMm pyHKOUIO g € F CaeayommuM

obpas3oM:
{ 1, ecmu f,(x) = 0;

9(x) = 0, ecmu f.(x)=1.

NHBIMU CJI0BAMHU, TIOCJIEIOBATEILHBIE 3HAYECHUST (DYHKINH ¢ TIOJIYYa0T-
Cs U3 YUCeJI, CTOSIINUX HA OUArOHAJIN TaOJINIbI, U3MEeHEHEeM KazKI0T0 13
HX. PYHKIINA ¢ HE BXOIUT B 0OJIACTH 3HAYMEHUN PYHKIINU [, TOCKOJIb-
Ky g(p) # fp(p), xakoBo Ob1 HE ObLIO p. Takum obpazom, HU 1118 KAKOU
nocJsienoBareapbHOCTH f @ N — F' MHOXKECTBO ee 3HAYEHUI HE COBIIAIAET
c F, 1.e. F' secuerno. Teopema 6 moxaszaHa.

MeTon, nCIoJIb30BaHHLBIN B JOKA3aTE€JILCTBE TEOPEMbBI 0, HA3bIBACTCSI
KAHMOPOBCKUM JUG2OHANOHBIM METOJOM.

CiaencrBue. Muoxecrso P(N) mecuerHo.

HokasareabcTBo. Hocrarouno mokasarh, 9to P(N) ~ F) a 3a-
TeM BOCIIOJIB30BaThCA IpuMepoM 4 u TeopeMoii 6. Bzammuo omHO3HAM-
Hoe coorBeTcTBHe Mexay P (N) u F' 3amaer QyHKIIMS, COMOCTABIISIONIAS
KaxksioMy nogMHoxkecTBy M C N ero xapakTepUCTHUECKYIO (DYHKIIUIO,
T.e. TaKyl0 PyHKIUIO X € F, 94To

1, ecmmx € M:;

xar (@) = { 0, ecouz ¢ M.

5 6. KapouHaiabHbBIe yKcJIa, UJIA MOITHOCTH

Corsacao KaHTopy, mon xapduHasbHbiM YUCAOM WA MOULHOCTIBIO
MHOXKeCTBa A MoHMMaercs TO o0Inee, YTO MPUCYIE BCEM MHOXKECTBAM,
9KBUBaJIeHTHBIM MHOXKecTBy A. HesaBucumo or crocoba mpencrabJie-
HUsI TOTO aOCTPAKTHOTIO OOBHEKTA, KOTOPBIA HA3BIBACTCSI KAPINHAJIbHBIM
qucJjIoM, PYyHIAMEHTAJILHOE 3HAYEeHe UMeeT TO, 4TO [IBa, MHOxXKecTBa A
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1 B uMeT OIHO U TO XKe KapAuHAJILHOE YUCJIO, €CJIM U TOJIBKO €CJId
OHU SKBHUBAJIEHTHHI, T.€. A ~ B.

KapanuasibHoe 9ncsio (MOIMHOCTE ) MHOKeCTBa A 0bo3HauaeTcs yepes
A nmm |A|. B wacrtHocTu, kak Mbl panee ycranosuiu, |P(N)| = F, rue
' — muoxecTBO U3 TeopeMbl 6.

Ecnu MHOXecTBO A 5KBUBaJIEHTHO HEKOTOPOMY IIOIMHOXKECTBY MHO-
xectBa B, to mumyt A < B. Ouesunno, uro ec;iu A C B, To A < B.
Teopema Kanropa—bepnmreiina yrsepxiaer, 9T0 €CJau OTHOBPEMEHHO
A< BuB< 1_41, TO_A = B. Ecnu A u B He 5KBUBaJICHTHBI U BBIIOJTHEHO
repaBeHcTBO A < B, 10 ITATITY T A < B.

CorstacHO TeopeMe 9, BCce DECKOHEYHbIe CUeTHbIe MHOXKECTBA, UMEOT
OIHY W TY K€ MOIIHOCTb. ITa MOIIHOCTH OOBITHO 0003Ha4UaeTCs Ng (Uu-
taercsa ased-HyJib; N (ded) — mepBasi GykBa eBpeiickoro asagaBuTa).

Mormraocts maOKecTBa P (N) (1, ciremoBaresbHO, MOMHOCTE F') HA3bI-
BAETCA MOUHOCTIBIO KOHMUHYYMA U OOBITHO 00O3HadYaeTcs ¢. MOXKHO
II0Ka3aTh, UTO OHA PAaBHA MOIIHOCTU MHOXKECTBA BCEX JIECTBUTEJIbHBIX
gucesi. CoryiacHO CJIeACTBUIO U3 TeopeMbl 6 ¢ # Ng. OdYeBUIHO TakxkKe,
410 Ng < €.

IIpennosioxkeHnue 0 TOM, YTO He CylIeCTByeT MHOxKecTsBa M, nja Ko-
Toporo Ng < M < ¢, HA3bIBAIOT KOWMURYYM-2UNnome3ot. ITO IPaBIO-
10100HOE C MHTYUTUBHONI TOYKM 3PEHUS IIPEAIIOJIOKEHNE I0JIN0e BPeMs
HE VIaBaJIOCh HU JOKa3aTh, HU OIIPOBEPrHYTh. JINWIIL cpaBHUTEILHO He-
IIABHO NpobJieMa, CBsA3aHHASI C KOHTUHYYM-TUIIOTe301i, ObLjIa pelleHa, HO
B HECKOJIBKO HEOOBIYHOM CMBICJIE, KOTOPBIA Pa3bsICHUTCS OJISI HAC YYTh
IO3KeE.

YuopaxHeHUs. ) ) )
1. Hokazark, urto ecoim A1 C Ao C Au A = A, 1o 45 = A.
2. llokazarb Teopemy Kanropa—bepumreiina.

3. lokaszarb, 9TO OObeOIUMHEHNE CUYETHOI'O YUCJIa, MHOXKECTB MOIITHO-
CTH ¢ UMEET MOMIIHOCTH C.

5 7. Teopema KanTopa

Teopema 7 (reopema Kanrtopa). s roboro muoxectsa M ume-
er mecto M < |P(M)].

HoxaszarteabcTBo. [Iycth ¢ — Takasa dyakmusa usz M B P(M),
q1o g(x) = {z}. Ira hyHKIMS yCTaHABIMBAET B3AMMHO OJHO3HAYHOE
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coorBeTcTBUE MeX Ty M n moamuoKecTBOM P (M), COCTOANNM U3 OIHO-

3JIeMEeHTHBIX noaMHoxkecTs M, tak uro M < [P(M)].

[Tokaxxem, utro M u P(M) He skBuBajsieHTHbI. I[lycTh f — Kakas-
6o dyuxmusa u3 M 8 P(M), u nycts S ={x |z € M uz ¢ f(z)}.
OueBunno, S € P(M). Ilokaxewm, uto S ¢ ps. eiicTBUTENBHO, IYCTH
f(s) = S mast mekoroporo s € M. TIpocThie pacCyKIeHus TTOKA3bIBAIOT,
9YTO B DTOM CJIy4ae Ipeamnosioxenus s € S u s ¢ S oba BeayT K NpOTH-
Bopeunto. Takum obpasom, HU i Kakoit dbyukmuu f : M — P(M) ee
MHOKECTBO 3HadeHuit He coBmamaer ¢ P(M). CriemoBaresibHO, HE CYyIIe-
CTBYeT B3aWMHO OIHO3HAYHOTO cooTBeTcTBHUsA Mexay M u P(M), T.e.
OHU He 3KBUBAJICHTHBI. Teopema 7 mokasaHa.

MomaocTh MHOKecTBa P (M) npunaro obosrauars 2Y. Taxum obpa-

som, M < 2™ B wactroctu, Ng < 2%0 < 227 < ... 3amerum, 4TO
KapINHAJIbHOE YNCII0 280 PABHO MOIIHOCTH KOHTHUHYYMA.

3 8. Ilapamokchbl TeOpUH MHOXKECTB

B 90-x rogpax XIX B., Korma Teopusi MHOXKECTB CTaJIa IMOJIy9aTh OPU-
3HAHNE CPelu MAaTeMaTHKOB, B Hell ObLIM OOHapPyKEHBI MPOTHUBOPEYNS.
PaccMoTpuM HEKOTOpBIE U3 HHUX.

Ilapadoxc Kanmopa cBs3aH C MHOXKECTBOM Bcex MHOxKecTB. (JD0O3HA-
quM 3T0 MHOXKecTBO Uepes 1. Torma P(T') ecth HEKOTOPpOE MHOKECTBO

mHOoKecTB, otkyaa P(T) C T. Ho torma |P(T)| < T. C IIPYTOii CTOPOHBI,
11z sioboro muoxkecrsa M umeer mecto nepasenctso M < [P(M)]. Or-

ciona 1o Teopeme Kanropa-Bepumreiitna nonay4aerca T = |P(T)|, ato
IIPOTUBOPEYINT TeopeMe 7.

Bot eme omun mapamokc Teopum MHOXKeCTB — napadoxc Pacceaa.
IIycts R ecTh MHOXKECTBO BCEX MHOXKECTB, KOTOPBIE HE SBJISIOTCS 3JIe-
MeHTaMu camux cebs, T.e. R = {x|r ¢ z}. Torma okaspiBaeTcs, 4TO
R € R BouINOJIHSIETCS TOTA U TOJBKO TOTaa, Korma R ¢ R.

[Iapamokcel KanTopa, Paccena u gpyrue teopeTuko-MHOXKECTBEHHBIE
apagoOKChl TEeMOHCTPUPYIOT TPYAHOCTH, CBA3AHHBIC C IOMNBITKAMU I10-
CTPOUTH TEOPUIO MHOXKECTB HA OCHOBE MHTYUTUBHOI'O MOHATUSA MHOMKE-
CTBa. DT TPYAHOCTU BBIHYKIAIOT HAC 3aHATHCSI BOIIPOCOM: B UeM Ke
cOOCTBEHHO IIOABEJIM HAC METOIbl OOpa30BaHUSA IIOHATHUNI 1 PacCyxkKie-
HIsI, Ka3aBIInecs yOequTeIbHBIMI, MOKa He BBISICHUJIOCH, YTO OHU IIPU-
BOIST K Iapagokcam?! Pasjmynble MaTeMaTUKNA BBHICKA3BIBAJIM PA3HBIE
B3TJISIIBI 10 MOBOLY HPUYNH BO3HUKHOBEHMSI ITAPAIOKCOB 1 IIPEIJIarajiu
HEKOTOPbIe CIIOCOOBI N30aB/IEHUSI OT HUX.
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OauH 13 BO3MOXKHBIX IIyTeil m30aBJ/ieHNs OT U3BECTHBIX IAPAIOKCOB
COCTOUT B Pa3JIMYEHUU COBOKYITHOCTEN JIBYX COPTOB, HA3BIBACMbIX KJIAC-
caMM 1 MHOKecTBaMu. TodHee, IPOU3BOJILHAA COBOKYIIHOCTb OObEKTOB
CUNTAECTCA KAACCOM, & MHOXKECTBAMU sABJIAIOTCA TOJIBKO T€ M3 KJIACCOB,
KOTOpBIE caMII MOTYT OBITH »JIeMeHTaMH OPYyruX KJaccoB. Ilpm Ttakom
IOIX0d€e PaCCYKIeHNA, NCIIOJIb3yeMble B Mapagokcax Kantopa n Pacce-
JIa, IPUBOOAT HE K NPOTHUBOPEYMIO, 8 BCErO JIUIIb K PE3YJIbTATY O TOM,
YTO HEKOTOPhIE COBOKYIIHOCTH HE sSIBJISIIOTCA MHOXKEeCTBaMu. HToObI yOe-
OUTHCA, 9YTO HTO HE IMPOCTO UT'PA TEPMUHAMM, MOIBITAEMCA, HAIIPUMED,
IIpOBeCcTU HNapadokc Paccesa, nmMmess B BUOy, 9YTO COBOKYIIHOCTH [ Bcex
MHOXKECTB, He sIBJIAIONIUXCS dJIeMeHTaMI CaMIX ceDsa, — He MHOXKECTBO,
a, KaK IOBOPsIT, COOCTBEHHBII KJIacC — KJIACC, HE ABJISIONUCA MHO-
xkectBOM. (QueBHIHO, 4TO R He sABJ/IAETCsS CBOUM 3JI€EMEHTOM, IOTOMY
YTO HUKAKOU COOCTBEHHBLIN KJIACC HE MOXKeT ObITH 3JIEMEHTOM HHKAKOTO
Kjgacca. OTcroma, OJIHAKO, HE CJIEAYEeT, YTO Mbl JOJIKHbI BKJIIOUUTH €TI0
B [ B KadecTBe 3jIeMeHTa, HOTOMY YTO K KJIaccy i Mbl OTHOCHUM TOJIBKO
MHOXKeCTBa. TaK 4TO HUKAKOT'O IIPOTUBOPEYHUST 30€Ch HET.

§ 9. AkcumoMmaruudeckada TEOPHUA MHO2KECTB

[TockoJIbKY CBOOOIHOE II0JIb30BAHNE HOHATUAMU, UICXOOANINMU U3 UH-
TYUTUBHBIX IIPEICTaBJIEHUI O MHOXKECTBaX, IPUBOAUT K IIPOTUBOPEYUN-
am, 9. [lepmeno (1908 r.) mpensIoRUI OTPAHUIUTHCS PACCMOTPEHUEM
MHOKECTB, CYIIECTBOBAHNE KOTOPHIX MOXKET OBbITH JTOKA3aHO HA OCHOBE
HEeKOTOPOro cImcka akcuoM. llpensoxkennas Llepmesio cucrema axcu-
OM BIIOCJIEACTBHUHI ObLTIA HECKOJILKO pacmmpena A. dpenkeseM m HOCAT
rnaspanue cucrembl Llepmeno—@penkens ZF OcaoBabiME (HEOTpene ise-
MBIMI) MOHSITUSIMU 9TOW CHCTEMBI SIBJISIOTCSI OTHOINEHNE MTPWHAITexK-

HOCTU € U OTHOIIeHue paBeHcTBa =. (Cucrema ZF nmeer cienyrromme
AKCHOMBI.
L. Axcuoma obsemrocmu. IIBa MHOXKECTBA PABHDLI, €CJIN WM TOJIBKO

ecJIi OHI COCTOAT U3 OOHUX W TeX XK€ DJIEMEHTOB.

II. Axcuoma napwi. s a00b1x MHOXKECTB A u B CcylIecTByeT Ta-
KO€ MHOKECTBO, 4T0 A u B SBJISIIOTCSA € IMHCTBEHHBIMU €r0 3JIEMEHTaMI.

III. Axcuoma obsedunenus. s a000oro MHOXKECTBa A cyliecTByer
MHOxKeCcTBO UA, cocToslnee B TOYHOCTH U3 BCEX HJIEMEHTOB, IPUHAIJIE-
JKAIIUX 9JIeMEeHTaM MHOKecTBa, A.

IV. Axcuoma mnoocecmea ecex nodmruoxncecms. s 00010 MHO-
KecTBa A cymectByer MHOXKeCTBO P(A) Bcex mommHoKecTB A.



18 I'n. 1. 9aemeHmovr meopuyu MHOHCECTNE

V. Axcuoma evidesnenus. s groboro muoxkectsa A m csoiictsa P
TAKOTO, UTO 1Js1 Jitoboro & € A yrBepxaenue ®(x) ubo uctuHO, OO
JIOXKHO, cymecTByeT MHOX)ecTBO {x | x € A u ®(x)}, cocrosmee B TO4-
HOCTH U3 TeX 3J1eMeHTOB A, 11J1s KOTOpbIX @ 1McTuHHO.

VI. Axcuoma 6eckonewnocmu. CyimecTByer o KpaiiHeil Mepe OIHO
OeCKOHEYHOE MHOXKECTBO — MHOXKECTBO HaTypaJsibHbIX unces {0,1,2, ...}

VII. Axcuoma svibopa. s ar000r0 HEIIyCTOrO MHOXKECTBA S monap-
HO HeIlepeceKalomunXCcsA MHOXKECTB CYIIECTBYET HEKOTOPOe MHOXKEeCTBO,
colepiKallee B Ka4eCTBE CBOUX 2JIEMEHTOB POBHO II0 OOHOMY JIEMEHTY
13 KaXKJIOro 3JieMeHTa MHOXKECTBa S.

VIII. Axcuoma ¢ynduposarnus. He cymecTByeTr OecKOHEUHOI yObIBA-
IOIEN TOCJIEIOBATEJIBHOCTU L1 D Lo D .. ..

IX. Axcuoma nodecmarnosxu. s Kaxaoro MHOKecTBa A n pyHK-
uu f, onpenesieHHoil Ha A, cymecTByeT MHOXKECTBO, COOEePKallee B TOI-
HOCTU O0beKThI f(x) misa x € A.

Bce akcmoMbl MOryT OBITH 3alMCaHbl COBEPIIEHHO (POPMAJIHLHO —
a IMEHHO, (pOpPMYJIaMU SI3bIKA TEOPUH MHOXKECTB, OIIMCAHHOIO B § 7 CJIe-
IyIoIeil rj1aBbl. ITa U APYIHUE U3BECTHBIE CUCTEMbI AKCHUOM [IJISI TEOPUN
MHOXKECTB CPOPMYJIMPOBAHLI TAK, YTOOBI HA UX OCHOBE MOXKHO OBLTIO JI0-
Ka3aTh BCE OOBIYHBIE TEOPEMbI TEOPUN MHOXKECTB, HO 0e3 MapaIoKCoB.

XOTsI B TeOpUM MHOXKECTB, OCHOBaHHOI Ha akcuomax I-IX, Hukaxmx
IPOTUBOPEYNii He OOHAPYKEHO, ATO eIlle He 03HAUAET, YTO IIPOTUBOPE-
Y11 3/1eCHh HEBO3MOXKHBI. UTOOBI YCTAHOBUTH HEJOKA3YEMOCTh IIPOTUBO-
peunsi, Hy?KHO IIPeKIe BCEr0 YTOUYHUTH MOHATHE I0KA3aTeJbCTBA, T.e€.
[IPABUJILHOTO PAacCy:KaeHusA. Bempb oka Mbl HE YTOYHUM, YTO TAKOE «J10-
Ka3aTeJbCTBO®», Mbl HE CMOXKEM CTPOrO MAaTEMATHUYECKH HOKa3aTb, UTO
HEYTO HEBO3MOXKHO [I0Ka3aTh. JHAYUT, HEOOXOIMMO CTPOTOEe OIpeeJie-
HIEe JOKa3aTeJIbCTBA, HY?KHA HAayKa O JOKa3aTeJIbCTBaX, O MMPaBUJIbHBIX
PACCYXKIEHUAX, T. €. JIOTUKA.

B zakjodeHme BepHEMCsI K BOIPOCY, CBA3aHHOMY C KOHTHHYYM-
runoTe3oii. VIMeHHO C MOMOIbI0 YTOUYHEHUsI MOHSTUsI JI0Ka3aTeJIbCTBA
I METOIOB MareMarumdeckoii joruku B pabdorax K. I'émesa u II. Kosna
OBLIO JOKA3aHO, YTO KOHTUHYYM-TUIIOTEe3a HE MOKeT ObITh HU JTOKA3aHa,
HU OIIPOBEPrHYTa HA OCHOBE OOBIYHBLIX aKCUOM TEOPHUN MHOXKECTB. ITO
HE €IMHCTBEHHbII MpUMep TOro, KaK MAaTeéMaTUYIeCKasa JIOTUKaA IOMOIJIA,
[IOJIYIUTh HEeTPAIUIIMOHHOE PEIleHne U3BEeCTHBIX MATEMaTUIECKUX IIPO-
OJ1eM.

YupaxHenue. Ha ocHoBe cucrembl akcuom ZF noxkaszarh, 4YTO Ka-
KOBBI ObI HI ObLTu MHOXKecTBA A, B,C,eccimu A € Bu B € C, to C ¢ A.



' TABA 2
A3DBIKUA ITEPBOI'O ITIOPAIKA

§ 1. Boicka3bIBaHUA W BbICKa3bIBaTeJIbHbLIC (I)OprI

Y10o0BI JIOTUKY MOXKHO OBLTIO Pa3BUBATH MATEMATUYCCKIMU METOdA-
MU, HEOOXOINMO IIPEXKIe BCEro YTOUYHUTH OCHOBHBIE JIOTUYECKUE ITOHHA-
Tus. Hameit ocHOBHOII 3a1a4eil ABJIsdeTCcsa yTOYHEHUE U U3y YeHne ITOHA-
THSA TIPABUJIBHOTO PACCYKIOCHNUA, NJIN JTOKa3aTeIbCTBa. Bcsakoe paccy-
JKIIeHIe COCTOUT B MOCJIeI0BATEIbHOM IIepexoae OT OJHOM MBICJIN K APY-
roif, NN, KaK TOBOPST B JIOTHKe, OT OOHOIO CYKOeHnd K apyromy. Ma-
TepuaJIbHLIM BhIPAXKEHIEM CYKICHUSA ABJISIETCA MPEIJIOKEHNEe TOTO NN
MHOTO s13bIKa. HampmMmep, MmareMarndyecKue CyxKIeHUsT MbI OOBIYHO 3a-
INCHIBaEM B BHIE TEKCTOB Ha PYCCKOM sI3bIKe, OOOTAIIEHHOM MaTeMaTH-
JyecKoit cuMmBoInKoii. llpennoxkenusi, BoIpazkalolue onpenaeeHHbIe Cy-
JKJIEHIsI, HA3bIBAIOTCA 6bickasdbi8arusmu. OHU XapaKTepPU3YIOTCS TEM,
YTO MOI'YT OBITH MCTUHHBLIMU WJIN JIOXKHBIMHU, U DTUM OTJIMIAIOTCS, Ha-
IIPUMEDP, OT IOBEJIUTEIbLHBIX NJIA BOIPOCUTEJIbHBIX IIPEIJIOKEHMNIA.

Hanpumep, 2 X 2 = 4, «Pum — cronnua PpaHUun» CyThb BbICKa-
3bIBaHUsI, a Opensioxkenus «Koropsrii vac?» uan «Pemuts KBaapaTHoe
ypaBrenue 2 + 3z — 2 = 0» BLICKa3bIBAHUAMHI HE ABJIAIOTCA.

Ecsm BhIcKa3bIBaHUE NCTUHHO, TOBOPSIT, YTO €T0 UCTUHHOCMHOE 3HA-
yenue ectb W («ucTuHa»), a €cjid BBICKA3bIBAHUE JIOXKHO, TO €ro KC-
TUHHOCTHOE 3HadeHue ecThb JI («10xb»). Hampumep, BbICKasbiBaHme
2 X 2 = 4 umeeT nCTHHHOCTHOE 3Hadenne I, a BuickasbiBanue «Pum —
crosnia Opanmum» — Jl.

OgHako, He BCSIKOEe MOBECTBOBATEJILHOE IIPENJIOKEHHUE SIBJISETC BhI-
ckaszpiBanueM. Paccmorpum, Hampumep, npedoxenue: «Ocrarok ot
JeJIeHUsT YUCJIa 1 Ha ¢ paBeH 3». B 3ToM npenjioKeHnn He COIePKUTCH
HIUKAKOTO YTBEepXKIEHUsA, U HeJIb3s1 CTaBUTh BOINPOC O €ro UCTUHHOCTHU
n j1oxkHOCTH. OIHAKO, IOACTABUB B 9TO IIPEIJIOKEHNE BMECTO 1 0003HAa-
JyeHne KaKoro-JIn00 KOHKPETHOTO HATYPaJIbHOIO YHUCJa, MbI HOJIYYHM
BBICKA3bLIBAHIE.

bykBa n, Bxoasdamasa B 9TO IpelJjIoKeHne, Ur'paeT PoJib IIepeMeHHOI.
Boobme, nepemenHas — STO A3BIKOBOE BbIpaxKeHHUe, CJIyzKallee s
0003HaYEHNsT TPOU3BOJILHOIO 00BEKTA M3 HEKOTOPOro (PUKCUPOBAHHOIO
MHOKECTBA, HAa3bIBAEMOT'0O 00JIACTHI0 BO3MOXKHBIX 3HAUEHU 3TOil nmepe-



20 I'a. 2. A3wixu nepsozo nopadka

menHoit. Ecim nmepemennasi ymorpebJisieTcsi TakuM 00pa3oM, 9UTO MO-
MyCKaeTCs MOACTAHOBKA BMECTO Hee 0O03HAUEHU (umeHn) 0OBbEKTOB 13
00J1aCTH ee BO3MOXKHBIX 3HAYEHNH, TO 9Ta IepeMeHHas HA3hIBAETCS C60-
bodnoti. TakoBbl, HaIpUMep, MEepEeMEHHbIE X, Y, 2 B BbIpAXKeHUAX T < Y
nz = x4+ 1. OgHako B MareMaTHKe BCTPEYAETCS W TAaKOe YIoTpedJie-
HIUE TIepeMeHHBIX, TIPH KOTOPOM HEe IPEINoJIaraeTrcs U He IOIMYyCKaeTCs:

BO3MOXKHOCTDb II0JCTaHOBKKX BMECTO HHNX MMEH KOHKPETHBIX 00'BEKTOB.
3

Hanpumep, B BuIpazkeHne / z? dx, Tne x — melicTBUTeIbHAA IIepeMeH-

0
Hasl, T. €. IepeMeHHas, 00JIaCThI0 BO3MOXKHBIX 3HAaYEHUIT KOTOPOil ABJIs-

eTCs1 MHOXKECTBO AeiiCTBUTEIbHBIX YNCEJI, HEJIb3s MOACTABJIATH BMECTO
r 0003HAYEHUsT KAKUX-JINO0 KOHKPETHBIX HeiCTBUTEIbHBIX Yuces. Bot
npyroii npumep: «He cymecTByer Taxoro pamnoHaJIbHOIO YUCJIA ¢, YTO
g> = 2». XoTa 3TO IpeasioKeHHe U COIepKUT MepeMeHHYIO ¢, IOICTa-
HOBKa B HEro 0003HaYeHUlT KaKUX-JIM00 YUCesI BMECTO ¢ JIMIIEHA, CMbICJIA.
B ToMm ciydae, Korga 1o CMBICJIY BbIPpaxKeHHUsI, COAEPIKAIIEro nepeMeH-
HYIO, IIOOCTAHOBKA BMECTO Hee UMEH KOHKPETHBIX 00bEeKTOB HEIOIYCTH-
Ma, BTa IIepeMeHHasd Ha3bIBAeTCA €8A3aHHOU. B 0MHOM BhIpaxkKeHnU OJHA
1 Ta XKe IepeMeHHasd MOXKeT YIOTpeO/IAThbCS U KaK CBOOOIHAsI, U KaK

X
CBA3aHHasdA. Hanpumep, B BbIpaxKeHUN / 2? dx 0ba BXOXKICHHUA Iepe-

0
MEHHOU T B ITIOIBIHTETPAJIBHOE BbIPaKE€HNE ABJIAIOTCA CBA3aHHBIMHI, a €€

BXOXKJIEHIE B Ka4eCTBE BEPXHETO Ipenesia MHTEeIPUPOBAHUSI — CBODOII-
HBIM. BooO1e, cjeayer TOBOPUTH MMEHHO O CBOOOOHBIX 1 CBSI3AHHBIX
srodtcldenusxr TAHHOII mepeMeHHO B HaHHOE BbIparKeHIe.

Bripaxxenune, conepxKaliee CBOOOIHbBIE BXOXK IEHISI IIEPEMEHHBIX U IIPe-
BpAIIAIOIIEECs B MMs HEKOTOPOTro 00beKTa (M, COOTBETCTBEHHO, BbI-
CKa3bIBAHNE) BCAKWIA pas3, KOrIAa BMECTO BCEX CBOOOIHBIX BXOXKIEHUM
KaxKJIOIf mepeMeHHO#l MOACTABIAETCA UMsI KaKOro-HUOYIbL OOBEKTa 13
00J1aCTU ee BO3MOKHBIX 3HAYEHUH, HA3BIBAETCST UMeHHOT dhopmot (nu,
COOTBETCTBEHHO, 6bickadvieamenvroli opmoii). Ilepemennble, mmero-
e CBOOOIHBIE BXOXKIIEHIUSI B UMEHHYIO WUJIM BBICKA3bIBATEJILHYIO (DOP-
MY, HA3bIBAIOTCA ee napamempamu. VIMEHHYIO NN BBICKA3bIBATEIHLHYIO
dopMmy OymeM HaszbIBaTh k-MmecmHoll, ecJin OHA COIEPKUT POBHO k pas-
JINYIHBIX ITapaMeTpoB. B dacTHOCTH, MOXKHO TOBOPHUTh M O (-MECTHBIX
MMEHHBIX W BBICKA3bIBATEJILHBIX POPMaX, IIOHUMAST 110 HUMU COOTBET-
CTBEHHO UMEHA, U BbICKA3bIBAHUAI.

WNuorna n1st k-MeCTHON UMEHHON MJIN BBICKA3BIBATEILHON (POPMBI MbI
OymeMm ymoTpebsiaTh obo3Hatdenne Buma F(xy,...,Ty), ABHO YKa3bIBasd
Bce ee napamerpsl. Torma, ecau aq,... ,a; — UMEHa KaKux-Imbd0 00b-
eKTOB U3 obJiacTell BOBMOXKHBIX 3HAYEHUII IepeMeHHBIX I71,...,T5 CO-
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OTBETCTBEHHO, TO 1Uepes F'(ay, ... ,a,) 0003HAUAETCS BBIpAKEHNE, TOJIY-
gennoe u3 F'(xq,... ,2y) MIOOCTAHOBKOH a1 BMECTO &1, ... ,d) BMECTO Xj.

[Tpumep 1. Hepes F(x,y) 0603HaUNM NMEHHYIO (bopMy

y
y+x-y- lim /sinx2ydx.
y—>5w

Torma F(—7,3) ectb BhIpazKeHue

34+ (=7)-3-lim / sin 2%y dz.

Y—5

Boobe, F'(a,b) nmeer Bum

y
b+a-b-lim /sinw2ydaz.
y—>5a

[Tpumep 2. Yepes A(i, k,m) 0003HAYNM BBICKA3bIBATEJILHYIO (POP-
My

Z % lim log, k.

: 7 k—1
1=k

CCTh BbLICKA3bIBaHUEC

N—’

Torma, nanpumep, A(5,2,8

8
Z % hm log, k.

(]
1=2

¢ 2. JIormyeckue onmepanum

3 onHUX BBICKA3BIBAHUN PA3JIMYHBIMHU CIOCODAMU MOXKHO CTPOUTH
HOBBIE DOJIee CJI0KHBbIE BbICKa3biBaHuA. (C1oco0 MOCTPOEHUS CJIOKHOIO
BBICKA3bIBAHUS U3 JAHHBIX BBICKA3BIBAHUIL, IIPU KOTOPOM UCTUHHOCTHOE
3HQUEHNE CJIOKHOIO BBICKA3BIBAHUS IIOJIHOCTHIO OIPENeJsIsIeTCsl MCTUH-
HOCTHBIMU 3HAUEHUAMU NCXOOHBIX BBICKA3LIBAHUNA, HA3BIBACTCS A02UYE-
cxoti onepavuet.

[IprMepoM JIOrmIecKoil omepanuy MOXKeT CJAYKUTE 0mpuyaHue, IIpe-
obpasyioliee Jir0OOe JaHHOe BbICKasbiBaHue A B BbicKasbiBaHue «He-
BEepHO, 9TO A», KoTopoe MbI Oyzmem obosHauarbh —A. OueBuImHO, 9TO
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BbBICKAd3bIBAaHUE _lA NCTNMHHO TOr'da M TOJIBKO TOr'Ja, KOI'la A JIOZKHO.
DTOT (PAKT MOKHO BBIPA3UTh IIOCPEACTBOM CJIEAYIOMEN UCmuHHOCmHOL
mabauybe:

A |-A
ni|Ji
JI | 1

9Ta Tabsmiia IOKa3bIBAET, KAKOE NCTUHHOCTHOE 3HAYUEHIEe NMeeT BbICKa-
3pIBaHMEe " A mpu JaHHOM MCTHHHOCTHOM 3HAYEHUHN BBICKA3LIBAHUS A.

Boobme, g s1roboit jjormvieckoii omepanyum MOXKHO IIOCTPOUTH CO-
OTBETCTBYIONLYIO €ii ICTUHHOCTHYIO Tabauiy. Hekoropwle u3 sanbosiee
YIIOTPEOUTE IHHBIX JIOTUYECKUX OIEPAIINil MMEIOT CIelnaJIbHbIE Ha3Ba-
HIS 1 00O3HadYeHHnsi. Kpome oTpuliaHus, 3TO elle OByMEeCTHBLIE Olepa-
mun:  kKowvronkyus (&, A), dusvronkyus (V), umnaiuxayus (D, —, =),
IKBUBAAEHMHOCTNG (=, 4+,<>). M COOTBETCTBYIOT CJIENVIONIE WCTUH-
HOCTHBIE TaOJINIIbI:

AB|A&B|AVB|ADB|A=1HB
numnmf mn " " "
nmJjry Jl nu J1 J1
JLU| JI " n J1
JLJL| J1 J1 n "

B maremarnueckoii jloruke IpuUHSITO HE PA3JIUYIaTh JIOTMYECKHUE OIle-
palny ¢ OOMHAKOBBIMU MCTUHHOCTHBIMU TAOJUIIAMHU HE3aBUCHUMO OT TO-
ro, KaKoe CJIOBECHOEe O(OPMJICHHE MMEIOT 3THU JIOTUYECKUE OIIEPAIIN.
Hanpumep, BrickaspiBanne A O B MoxKeT nepenaBaTbCs IIOCPEICTBOM
BeIpaxkenuii «Ecan A, to B», «A Bieder B», «B cayuae A nmeer me-
cto By, «[li1a A neodoxomnumo B», «A, Tosibko ecsin B» u 1.1. Bot s13b1-
KOBBIE 9KBUBAJIEHTHI [IJIs1 IPYTUX JIOTUUeCKuX onepannii: - A — «He A»,
«A #e umeer mecray, «A weBepuo»; A& B — «A u B», «He TospK0 A,
Ho u B», «Kak A, tak u B»; AV B — «A uwin B nwin oba», «A nian
B», «A, ecin vHe B»; A = B — «A, ecaiz u Tosbko ecoim B», «Ecan A,
To u B, u obparuno», «A skBuBaJjieHTHO B», « A paBHOCUJIBHO B», «A
TOrJa W TOJIBKO TOTIA, Korga B».

Haxkomern, nmpuBegemM mpuMep ONepallni Hal BHICKA3LIBAHUAMUI, KOTO-
pas He sABJIsIeTCsA JIOTUYECKOil omepaliieil: mo BBICKA3BIBAHUIO A CTpO-
MM BbICKa3biBanme «4 3naro, uro A». OueBMIHO, 9TO UCTUHHOCTDL MJIN
JIOXKHOCTBb TAKOI'O BBICKA3bIBAHUSI 3aBUCUT HE TOJIBKO OT UCTUHHOCTHOI'O
sHadenusi A, HO U OT OCBEIOMJIEHHOCTH CYObEKTa, IIPOU3HOCSIIEr0 3TO
BBICKA3bIBAHUE.

PaccMmorpennble HaMu Jiormdeckne omnepanun —, &, V, D, = Ha3bIBa-
IOTCS NPONO3UUUOHANDHBIMU ONEPAUUAMU, 8 CAMBOJIBI HUCIIOJIb3YyEeMBbIE
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IIJIsT UX ODO3HAYEHUsI, — NPONO3UUOHAALHBMU CEA3KAMU. ITU OIepa-
UM MOXKHO, OUYEBUIHO, IPUMEHSATHh U K BBICKA3bIBATEILHBIM (POpMaM,
moJIydasi n3 HuX 0oJiee CJI0KHbBIE BBICKA3bIBATEIbHBIE (POPMEI.

Yupaxuaenune. HalitTu ncTuHHOCTHBIE 3HAUEHNA CJIEAYIONINX BbI-
CKa3bIBaHUN:

a) Ecom 11 nenmres Ha 3, 1o 11 meantcst Ha 6.

6) Ecom 15 nesmurcs wva 3, To 15 menmrcs Ha 6.

B) 11 mesmurcsa Ha 3 TOrzma M TOJIBKO TOMA, KOTa 15 menmrcs Ha 6.

¢ 3. JIormka BbICKa3bIBaHHUN

Ilepemennas, HONMYCTUMBIMHI 3HAYEHUAMU KOTOPOIl SIBJISIOTCS IIPO-
M3BOJIbHBIE BBICKA3BIBAHIS, HA3BIBACTCHA NPONO3UUUOHAADHOT NEpeMeH-
Hoti. B KadecTBe IPONO3UIIMOHAIbHBIX IIEPEMEHHBIX Mbl OYIeM HCHO.JIb-
30BaTh OoJIbIINE JTATHHCKNE OYKBBI P, (), R, . .. (BO3MOXKHO C MHIEKCAMMT;
nanpumep, P3, Q7, Ri1).

dopmysraMu JIOTUKH BHICKA3BIBAHUI, IJIH NPONO3UYUUOHAALHBLMU (POD-
MYAAMU, HA30BEM BBIPAXKEHNsI, KOTOPhIE CTPOSITCS U3 ITPOIIO3UITNOHAJIH-
HBIX II€PEMEHHBIX C IIOMOIILI0 CKOOOK U IIPOIO3UIINOHAJIbHBIX CBA30K I10
CJIEOVIOMNIM ITPaBUJIAM:

1) r06asi TPOMO3UIIMOHAIFHAA TEPEMEHHAsT sIBJISAeTCS ITPOIO3UIIIO-
HaJIbHOIT (POPMYJIOii;

2) eccm A u B — nponosunmonansubie popmyssl, To A, (A & B),
(AV B), (A DB), (A= B) — nponosunmonasbabie (POPMYJILL.

Hanpumep, BoIpaxKeHusd

(PDQ), (PD>(Q@DR), (PD(Q@D(P&Q)))

ABJIAIOTCA TTPOMO3UITNOHAIBHBIMI (POPMYIAMUA.

Ecau B mponosunmoHasbHy0 gpopmyay A, mocTpoeHHyo U3 mporo-
3UIMOHAJIBHBIX IepeMeHHbIX P, ... , P,, BMecTo 3Tux nepeMeHHbIX II0-
CTaBUTh KOHKPETHbIE BbICKA3bIBAHUA, TO MOJIYUYUTCA HEKOTOPOE BHICKA-
spiBadue. l[IponosumnmronasbHaa popMmysia Ha3bIBaeTCA masmono2ued,
ecJId OHA MPEBPAIAETCS B UCTUHHOE BbICKAa3bIBAHKE NIPU J11000I TToacTa-
HOBKE KOHKPETHBIX BBICKA3bIBAHUII BMECTO NMepPEMEHHBIX; KaxKJad TaB-
TOJIOTUSA ABJIAETCA CXEMOI MCTUHHBIX BBICKA3bIBAHUI U B 9TOM CMbI-
cJle BBIpAXKAET HEKOTOPBIA sozuveckuli 3axon. llpuBenmeMm mpumepsl
JIOTHYIECKNX 3aKOHOB: (P V —P) — 3aKOH HUCKJIIOYEHHOIO TPEThEro;
(-—P = P) — 3akon asoiinoro orpunanus; —(P & —P) — 3akoH mpo-
tuBopeyust; (((P D @) D P) D P) — zaxon [lupca.
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O4YeBUOHO, YTO UCTUHHOCTHOE 3HAYEHUE BHICKA3bIBAHUA, 1101y Y€HHO-
IO TIOJCTAHOBKOI B TPOMO3UIINOHAJILHYIO (DOPMYJIY KOHKPETHBIX BBICKA-
3BLIBAHUIT BMECTO IIPOIIO3UIIMOHAJIBHBIX II€PEeMEHHBIX, 3aBHUCHT TOJIBKO
OT MCTUHHOCTHBIX 3HAUYEHNII MOOCTABJIsIEMbIX BbICKa3bIiBaHMil. I1oaTOoMYy
JIOBOJIBHO JIETKO MOXKHO IIPOBEPUTH, SIBJISIETCA JIA JAHHAS IIPOIO3UIIH-
OHAJIbHAs (popMmyJia TapBToJiorueii. s ®Toro mocrarodHo mepedparb
BCEBO3MOXKHBIE IMOACTAHOBKU B Ty (dopmysy 3Hadvenuit I m JI BmecTo
IPOTIO3UITMOHAJIPHBIX MMEPEMEHHBIX (TaKMWX MOACTAHOBOK pPOBHO 2 rime
N — YUCJIO IEPEMEHHBIX B POPMYJIEe), U I1J1s1 KaXK 0 TaKOi MoICTAaHOBKU
BBIYUCJINTH COOTBETCTBYIOIIEe 3HaUYeHre (POPMYJIbI, II0JIb3YsICh UCTUH-
HOCTHBIMI TAOJHUIAMHI 1A JIOTHIECKUX onepanuii. PopMysia ABJIsI€TCS
TaBTOJIOTHE TOTHA 1 TOJILKO TOTIa, KOTIa IIPH JIF0OOIi ITOICTaHOBKE OHA
npruHIMaeT 3HadeHue .

YupaxHeHH4.

1. Hokazark uHMEPNOAAUUOHHYI MeEoPeMY: €CJIN TPOIMO3UITIOHAIb-
Hasg popmysia A O B — rmaBrosorusi, u popmysisl ~A u B He sIBJIAIOTCA
TaBTOJIOTUSIMU, TO CYIIECTBYeT IIPONO3UIIMOHAJIbHAsT (popmyJia C, comep-
JKalad TOJIBKO Te HmepeMeHHble, KOTOpble BXOAsAT Kak B A, Tak u B B,
takas, 410 popmysbl A DO C u C D B cyrhb TaBTOJIOIUMN.

2. MHOXKeCcTBO IPOIO3UIINOHAILHBIX (POPMYJI HAZBIBAETCS COBMECT -
HbIM, €CJAU CYIIECTBYIOT TaKHe UCTUHHOCTHBIE 3HAYEHUsI IIPOIIO3UINO-
HaJILHBIX IIEPEMEHHBIX, IIPU KOTOPHIX BCE (DOPMYJIbI 13 3TOIO MHOXKECTBA,
npuHuMalor 3Hadenne V. [okaszarbh meopemy xKomnaxkmmocmu: MHOMKE-
CTBO IIPONO3UIIMOHAJIbHBIX (POPMYJI COBMECTHO TOIIA M TOJILKO TOLIA,
KOIJIa KaxXKJI0€ ero KOHEYHOEe IOIMHOXKECTBO COBMECTHO.

5 4. KBaHTOPBI

Hapsioy ¢ mpono3uimoHaIbHBIMU OIIEPAIIUSIMUA B MATEMATHUIECKOM JI0-
I'IKEe PaCCMaTPUBAIOTCA K8AHMOPHL, IIO3BOJIAIONINE U3 JTAHHOI BBICKA3bI-
BaTeJIbHOII (POPMBI MOJIYYATh BBICKA3BIBATEJILHYIO POPMY C MEHBIITNM
YHUCJIOM IIaPaMETPOB, B YACTHOCTU, U3 OJHOMECTHOI BHICKA3BIBATEILHOI
dopMBI — BBICKA3LIBAHIE.

Keanmop obwHocmu I03BOJISIET U3 JAHHONU BbICKA3bIBATEIbHOI (pOp-
MbI C €IMHCTBEHHBIM IIapaMeTPOM & MOJIYYUTH BBICKA3BIBAHUE C IIOMO-
b0 000poTa « /17151 Bcex x . . . ». Pe3sybTaTr mpuMeHeHUs1 KBAHTOPA, OOIII-
HOCTH K BBICKa3bIBaTe bHOI dopme A(x) bymem obosnauars Vi A(x).
BoickaswiBanne Ve A(x) cunTaeTcsi HCTUHHBIM TOTIA W TOJIBKO TOTIA,
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KOTJa MpU HOAcTaHOBKe B A(x) BMecTo CBOOOOHBIX BXOXKIEHUI mepe-
MEHHOI 2 MMeHH JIF000ro 00beKTa 3 00JIaCTH €€ BO3MOXKHBIX 3HAYECHMI
BCErIa MOJIyYaeTcss NCTUHHOE BbICKa3biBaHue. BrickasbiBanue Vr A(x)
MOZKeT YuTarbcsa Takxe « /s jmoboro x umeer mecto A(x)», «A(x) npu
IPOM3BOJILHOM I», «Il1s Bcex x BepHo A(x)», «Kaxnwiit © obiamgaer
cBofictBom A(x)» u 1.1

Keanmop cywecmeosarus COOTBETCTBYyeT OOPa30BAHUIO U3 IAHHOM
BBICKA3bIBATEILHON (POPMBI C €IMHCTBEHHBIM IIAPAMETPOM I BBICKA3bI-
BAHUA C ITOMOIILI0 0bopoTra «CyiecTByer Takoit x, 910 ... ». Pesysib-
TaT MPUMEHEHNUsI KBAHTOPA, CYIIECTBOBAHUS K BLICKA3LIBATEILHOI (hop-
me A(zx) obosnauaercsa Jr A(x). BeickasbiBanme Jx A(x) MCTHUHHO TO-
IIa U TOJIBKO TOTHA, KOIIa B 00JIaCTU BO3MOXKHBIX 3HAYEHU IepeMeH-
HOW & HalimeTcss Takoit 00bEKT, YTO IPU MOACTAHOBKE €TI0 UMEHN BMECTO
CBODOOIHBIX BXOXKAeHN £ B A(x) mosydaeTcss HCTMHHOE BBICKA3bIBAHUE.
BrickasbiBanve dr A(x) mMoxker umrarbcs Takxke «I[s HEKOTOPBIX &
nmeeT mMecto A(x)», «aa mogxomamero x Bepuo A(x)», «CyimecTBy-
er x, aj1s Koroporo A(x)», «Xotrsa Obl 111 OOHOTO T BepHO A(x)» u T.1I.

Ormernwm eme pas, 9ro B npenyoxkennsx Vo A(x) u 3z A(x) nepemen-
Hasl T He sIBJIsIeTCsS CBODOIHOII IlepeMeHHOil: KBAHTOPBI «CBS3BIBAIOT»
91y nepemernyio. OYeBUIHO TakXkKe, YTO KBAHTOPHI MOXKHO IIPUMEHATH
1 K BBICKA3bIBATEJIbHBIM (pOpPMaM, COLEPKAIIUM HAPALY C & U APYyrue
napaMeTrpbl. B pesyJibTare moJIy YnTCs BRICKa3bIBaTe IbHAS (DOpMa, UMe-
IOIasA T€ JKe MapaMeTpbl, YTO U UCXOOHAsS, KPOME I .

BazkHoe 3HaYeHMne OJisi JIOTUKY MMeeT aHAJIN3 JIOTMYECKOH CTPYKTY-
pPbI BHICKA3bIBAHII 11 BHICKA3bIBATEJILHBIX (DOPM, T. €. BBIABJIEHLE TOTO,
KaKM 00pa3oM OJaHHOe IIOBECTBOBATEJILHOE IIPEIJIOKEHNE IIOCTPOSHO 13
boJtee TPOCTHIX MPEIJIOKEHNH ¢ IOMOIIBIO MPOIO3UIINOHAILHBIX OIepa-
Wi 1 KBaAHTOPOB. Jlormueckuii aHaJIN3 IIPEIJIOKEHNI €CTh CBOEr0 poaa
MNCKYCCTBO, IPAKTUUIECKIE HABLIKM KOTOPOTO MOXKHO IPUOOPECTH Iy TEeM
yopaxkHennii. PaccMoTpuM HeKOTOpEIe TpuMephl. BrickasbiBanme «2 —
IIPOCTOE YUCJIO, & 6 — COCTaBHOE YHCJIO», OUEBUIHO, MOXKET ObIThH IPE/I-
CTaBJIEHO B BHUJIe «2 — IPOCTOE YUCJIO» & «6 — COCTaBHOE UHUCJIO».
IIpensioxenne « Kaxxmoe pannoHaJIbHOE YUCJI0 €CTh JeCTBUTEILHOE UN-
CJIO» MOXKHO MHAYe 3aIIUCATh TaK:

Vz [(z — paumonasbHOe uncsio) O (z — neficTBUTEIBHOE TUCIIO)],

a npenJyioxkenne «HekoToprle neiicTBUTEIbHBIE YNCTIA, SIBAJISIIOTCS PAII-
OHAJIBHBIMU» — TaK:

Jz [(z — neficTBuresbroe uncso) & (z — pammoHaTBHOE YHCTI0)].
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Yupaxunenune. HaiiTu UCTUHHOCTHBIE 3HAYEHUA CJICOYIONINX BbI-
CKA3bIBAHUI, TII€ BO3MOXKHBIMU 3HAUYEHUAMU NEPEMEHHBIX ABJIAIOTCA
nelcTBUTEIbHBIE YUCJIA:

a) Ve Jy (z +y = 3); r)VeVy (x+y=3)D7=1
6) dy Vo (z +y =7); n) Va (3z (az =3) = a # ),
B) dr Jy (z +y = 11); e) da Vb 3z (2 + ax + b = 0).

§ 5. CybbeKkTHO-IIpeauKarHasl CTPYKTypa IIPelJjIoX eHul

Jloruvdeckuii aHaJ/in3 IpelnjoKeHuidi BO MHOIOM aHAaJIOTMYeH I'paM-
MaTHUIECKOMY aHAJIN3Y CJIOXKHO-COUMHEHHBIX 1 CJIOXKHO-TIOTINHEHHBIX
npenioxkennii. OogHAKO MHOTOA HAC OyOeT MHTEePecOBATh U BHY TPEHHSA
CTPYKTYPa OPOCTBHIX MPEIJIOKEHUI: 4mo U 0 “em TOBOPUTCA B TAHHOM
nIpenJsoKeHnn. B TakoM cjiydae B TPaMMaTHKe UCHOJIb3YIOTCsI TOHSITHUS
cybbekTa n npegukara. Cybsexm (Mau moisiexaliee) — 3TO TO, O YeM
MJI O KOM TOBOPUTCS B TPEIJIOKEHUN, & npedukram (HA3bIBAEMbIil TaK-
’Ke CKa3yeMbIM WJIA TPYIIIOi CKa3yeMOoro) BbIpaxkaeT TO, YTO TOBOPUTCS
o cybbekTe. B MaremaTnyueckoii JIOTUKEe MCIIOJIb3yeTcsa 0oJiee MupoKas
TPAaKTOBKA CyOBEKTHO-TIPEOUKATHON CTPYKTYPhI mpenjioxkenus. IIpe-
JKII€ BCEro, B KadecTBe CyObEKTOB HAHHOI'O MHPEIJIOKEHUS Mbl MOXKEM
BBIOEJIUTH OOHO WMJIM HECKOJIbKO UMEH KaKuX-JIM0O IIPeaMeToB, BXOIIsI-
IAX B ®TO ONpeOJjoXKeHne. 3aMEHHUB 3aTeM BbIOEJICHHLIE MMEHa Ha IIe-
pEeMeHHbIE, MbI IIOJIYYM BBICKA3bIBATEILHYIO (DOPMY, «B UHUCTOM BUIE»
BBIPAXKAIILYIO TO, 9YTO TOBOPHUTICA O CYOBEKTE. ITY BBHICKA3LIBATEJIHLHYIO
dopMy TOKe MHOTHA HA3BIBAIOT IIPEIUKATOM.

PaccmorpumM, HanmpuMep, BhICKa3bIBaHIe « 12 mesmmTces Ha 3», KOTOpoe,
MICIIOJIBb3YsI OOIMENPUHATYIO CUMBOJINKY, MOXKHO 3aIINCATh TaK: «12 i 3».
BribpaB B KauecTBe CyObekTa 4ucjo 12, Mbl HOJIy4YaeM OJHOMECTHBIN
npeanKaT «Z i 3». Ecan ke B KadecTBe CyObeKTa B3ATh 3, TO HNOJIYYNM
npyroit npenukar «12 : y». Hakowner, caurasa 12 u 3 cybbekTaMu 3TOro
IpenJsioKeHns, Mbl IOJIy4YaeM JIBYMECTHBIl NpelIuKaT «T i y».

Co BCSIKUM IIPEIUKATOM, ITIOHUMAaEMbIM KaK BbICKa3bIBaTebHAA POP-
Ma, eCTeCTBEHHBIM OOpa30M CBsA3aHa (PYHKIINs, KOTOPas KaxKJIOMYy Ha-
OOpy 3HAUEHNIT TapaMeTPOB COMMOCTABJIISIET BLICKA3BIBAHIE, TTOJIY YA OIIE-
ecsi U3 JAHHOIl BbICKA3bIBATEJIBHOII (POPMBI IIOICTAHOBKOI BMECTO IIepe-
MEHHBIX UMEH OOBbEKTOB, BEIOPAHHLIX B Ka4deCTBE 3HAYCHHUI STUX Iapa-
merpoB. (Q00011asa 310 HAOJIOOEHNE, Mbl HPUXOIUM K IIPEICTABJIEHUIO
O IpeIuKaTe KakK O (pyHKIUN, 3HAYCHUSIMUA KOTOPOIi SIBJISTFOTCST BBICKA3bI-
BaHus. HakoHel, ecin Mbl He OygeM Pa3JInyaTh BbICKA3LIBAHU, UMEIO-
e OJHO M TO e MCTUHHOCTHOE 3HaYeHUe, TO MPUIEM K CJIEIYIOmeMY
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OIIpeIeJICHNI0 IIpeauKara: k-MecTHBIM npeduxamom Ha MHOKecTBe M
Ha3bIBaeTCA Ipou3BosbHad qyuxmua P : MY — {11,JI}, roe M* —
IeKapTOBa CTEIeHb MHOXKecTBa M, T.e. npssMoe npousBenenue k omgmHa-
KOBBIX MHOXKECTB, PaBHBIX M.

[Ipumep 1. Ha npousBosibHOM MHOXKecTBe M MOKeT OLITH Ompe-
OesieH OByMecTHbII npemukar E : M? — {1, JI} Tak, uro E(z,y) = I
TOLIA W TOJIKO TOIIA, KOTHA & W i COBHATAIOT. DTOT MPEIUKAT HA3BI-
BAIOT MPEIUKATOM PABEHCTBA U OOBIYHO BMecTo F(x,y) numyTt x = y.

[Ipumep 2. Ha nponsBOaIbHOI COBOKYITHOCTH MHOXKeCTB M MOK-
HO OIpelesuTh AByMeCTHbIi npemukar P : M? — {I,JI} Tak, 410
P(z,y) = U torma u TOJILKO TOTIA, KOIJA T SABJSIETCSI JIEMEHTOM Y.
DTOT IpeguKaT HA3BIBAIOT IIPEIUKATOM IPUHANJIEIKHOCTU U BMECTO
P(z,y) numyT x € y.

[Ipumep 3. B coorBercTBUHN C HAIIUM OIpedesIeHHNEM IIPeIuKaTa
PACCMOTPEHHBIN BBINIE IPEINKAT & Y MOKHO TPAKTOBATHL KaK (PyHKIIVIO
D : N — {H,JI} Takyio, aro D(x,y) = 11 Toroa u ToJbKO TOra, KOraa
r nemmtcs Ha y. Hampuwmep, D(12,3) = U, a D(7,3) = JI.

Boobie, Bcakuii pa3, KOrga pedb UaeT O «CBOHCTBAaxX» OO0bEKTOB UJIN
«OTHOIICHUSX» MEXKIY HUMU, UX MOXKHO IIPEICTABJATL KaK COOTBET-
CTBYIOIIME Npegukarbl. Hampumep, cBORCTBO «OBbITH YETHBIM YUCJIOM»
MOKHO TIPE/ICTaBUTh Kak Takoit mpequkar Y : N — {11, JI}, gTo

VI, ecnu x 9eTHO;

Y(z) = {

JI, ecsm x HEUYeTHO.

§ 6. f3BIKH ITEPBOTO HMOPIIKA

PaccMmorpentble HaMi JIOTHYIECKNE TOHATHUsI, MOAXOMAIMNAM 00pa3oM
YTOYHEHHBIE, CJIYKAT OCHOBOW [Jisi TpeBpAIleHnsi JIOTUKK B MaTeMa-
THYIECKYI0 HayKy. IIpexme Bcero cmesraeM TOYHBIME MATEMATHIECKH-
MU O0ObeKTaMu MaTeMaTrudeckne yTrBepxkaeHusi. C 9Toil 1mesbio B Ma-
TEMATUIECKOI JIOTMKE MCIOJIB3YIOTCS NCKYCCTBEHHbIE si3bIKN. CaMbIii
pPacpoOCTPAHEHHBIA BUI TAKWX sI3bIKOB — TaK HA3BIBAEMOE J02UKO-
MAMEMAMUYECKUE A3LIKYU NEPBO20 NOPATKG.

Kazk 1plit A3BIK IepBOTO MOPSIKa 33JaeTCsI CBOeH cuznamypoti — Ha-
bopom u3 Tpex muoxkectB ) = (Cnst, Fn, Pr), rmoe

1) Cnst — MHOXKECTBO KOHCMAHN;
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2) Fn — MHOXECTBO pYHKUYUOHAADHIL CUMBON0S;

3) Pr — mMHOXKECTBO npedukamubir cumeonos.

[Ipu 3TOM C KaxKObIM (PYHKIIMOHAJIbHBIM WA IIPEOIUKATHBIM CHMBOJIOM
OJHO3HAYHO CBsI3aHO HEKOTOPOE HATypaJIbHOE YHCJI0 — KOJIMYECTBO
apryMEeHTOB (WM BGAEHMHOCTMb, APHOCTH) 3TOTO CHUMBOJIA. BaJjieHT-
HOCTh (PYHKIIMOHAJILHOI'O CUMBOJIA, IIOJIOKUTEJIbHA, 8 IIPEIUKATHBIE CHM-
BOJIbI MOTYT UMETh U HYJIEBYIO BAJIEHTHOCTH. PYHKIIMOHAJIBbHBIA MK
IPEIUKATHBRIIN CUMBOJI, BAJJEHTHOCTH KOTOPOIO paBHA Kk, Ha3bLIBAOT k-
MECTHBIM.

Bo BCsKOM sI3BIKE IEPBOIrO IOPSAIKA UMeeTCs CUeTHBIH Habop nepe-
MEHHDBIEX. YCJIOBUMCSI CIUTATh, YTO B KadeCTBEe NEePEMEHHBIX BO BCEX
SI3BIKAX IMEPBOr0 IMOPAIKA HCIOJIb3YVIOTCA CTPOYHBIE OYKBBI U3 KOHIA
JIATMHCKOTO aJ1(paBUTa, C YUCJIOBBIMU UHIEKCAMHU U1 Oe3 HUX.

A3BIK TIEPBOTO MOPSIKA C CUTHATYPO ) OymeM Ha3bIBATH sA3BIKOM ).

13 mepeMeHHBIX, KOHCTAHT, PYHKIINOHAJIbHBIX U HPEIUKATHBIX CIHM-
BOJIOB C TIOMOIIBIO CKOOOK ( , ), 3AISATHIX U A02UYECKUL CUMBOA08 =, 7,
&, V, D, =, V, d cTposiTCsi BBIpaXKeHMsI, Ha3bIBA€MbIE TEPMAaMU 1 POPMY-
namu. Ilpm 3TOM TepMbl UTPAIOT POJIL UMEH U MMEHHBIX GpopMm, a Pop-
MYJIbI — POJIb BBICKA3BIBAHUII 1 BBICKA3bIBATEJIbHBIX (DOPM.

OnpenesieHne mepma HOCUT MHOYK TUBHBINA XapaKTep U COIEPKUT TPU
nyHkTa. [lepBble 1Ba NyHKTA ABJISAIOTCA 0A31MCOM MHAYKIIAN U YKa3bIBa-
10T, KaK1e 00 bEKTHI A3bIKa CJIEAYeT HeIIOCPEICTBEHHO CUUTATh TEPMAMU.
Tpernii nyHKT IpeacTaB/igeT coOOi mar HAYKIIUT 1 331a€T NoPoHcdato-
wee npasuso, TIO3BOJIAIONEE U3 YKEe IIOCTPOEHHBIX TEPMOB IIOCTPOUTH
HOBBLIA TEpPM:

1. Kaxnasa nmepeMerHas eCTh TePM.

2. Kaxxnast KOHCTaHTa eCTh TEePM.

3. Ecomm f ectb k-mecTHbI PyHKIUOHAJIBHBIA CUMBOI U t1,... ,tp —
TepMbI, TO BbIpaxkenne f(t1,...,t;) ecTh TepM.

[Ipumep. IlycTth curHarypa COmepKUT KOHCTAHTY ¢ U JIBYMECTHBIE
b yHKIMOHAJIbHBIE CUMBOJIBI ¢ U h, 1 IyCTb T, y — nepeMenHble. Torma
BbIPAXKEHUA

¢, T, ¥y, h(c,x), hic,c), hic,y), g(x,h(c,y)), glhlc,z), g(w,y))

CYVTb TE€PMBbI.

MuayKTUBHBIA XapakTep onpeneaeHus TepMa, JaeT BO3MOXKHOCTD UC-
MIOJIb30BaTh B HOKA3aTEJIbCTBAX NPUHUUN UHIYKUUU MO NOCMPOEHUIW.
A umenHo, nmycTh TpedyeTcs JI0Ka3aTh, YTO BCE TEPMbI 00J1aIaI0T HEKO-
TOpbIM cBoiicTBOM P. [IJIs 3TOro moCTaTovHO yCTAHOBUTH, ITO

1) kaxxnas mepemennas obsamgaer crofictBom P;
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2) KaxkJasi KOHCTaHTa 00J1a1aeT cBoiicTBOM P;

3) ecm tq,... ,t, — TepmbI, obsagaromue cBoiictBoMm P, a f ectb n-
MeCTHBII PYHKIMOHAJIBLHBIN CMBOJI, TO TepM f(t1,... ,t,) Takxke obJa-
naet coiictsoMm P.

Toroa B cuay MHOYKTUBHOI'O OIPEIeJeHNs TeEPMa MOXKHO OBITH YBe-
DPEHHBIM, UTO BCIKUII TepMm 00J1a1aeT cBoiictBoM P.

AHaJIOrMYHO MHAYKTUBHBIA XapakTep ONpeaesIeHnsl TePMa, IT03BOJISIET
MHAYKIER MO0 MOCTPOEHUIO TepMa 3adaBaTh (DYHKIUK, OMpeaeeHHbIe
Ha, MHOXKECTBE BCEX TePMOB. A MMEHHO, IYCTh

1) kaxk10it IepeMeHHO# & TTOCTaBJIeH B COOTBETCTBIE HEKOTOPBIH 00b-
eKkT F;

2) KaxKIOif KOHCTaHTE ¢ ITOCTABJIEH B COOTBETCTBHE HEKOTOPBIH 00b-
eKkT F;

3) BagaHO MpaBUJIO, OIpeesAmIlee, KaKoii 00bekT F Ft1,... tn) CTA-
BUTCsI B cooTBercTBre tepmy f(t1,...,t,), ecan Tepmam tq,... ,t, yxKe
OCTaBJIEHBI B COOTBETCTBUE O0ObEKTHI Fy,, ..., F; . Torna njsa awboro
TepMa t OJHO3HAYHO omnpenesieH 0ObeKT Fy.

Amomnnvie (M daemenmapHvie) Gopmyab, OIPEIEIAIOTCA KAK BbI-
paxkenns Buma P(ty,... ,tg), rme P ecTtb k-MeCTHBIN MpeIuKaTHBI CIM-
Boat (k> 1), aty,...,ty — Tepmbl. Beskuit O-mecTHBIN TpeanKaTHBINR
CUMBOJI TaKKe CUMTaeTcsa aToMHOII (opmysioii. Kpome Toro, x guciy
ATOMHBIX (DOPMYJI OTHOCATCSI BbIPAXKEHUsI BUOa t1 = lo, e ¢ u ty —
TEePMBHI.

Dopmyab, OIIPEIEIIAITCA UHIYKTUBHO C IIOMOIIBIO CASOYIONINX YeThI-
pex IMyHKTOB, IIPUYEM HEPBLI IIYHKT IIPecTaBisgeT co0oii 6a31uc nHIYK-
IINA, 3 OCTAJIbHBIE TPU IMYHKTA CYTh ITOPOXKIAIONINAE ITPABUJIA.

1. Kaxxnas aromuasi (popmyJsia ectb (pOpMy.JIa.

2. Ecoiu A — dopmyna, To Beipakenue -4 ects dopmyia.

3. Ecm A u B — dopmynsr, To Beipaxkenus (A & B), (A V B),
(ADB), (A= B) cyrb popmyJIbL.

4. Ecm A — ¢dopmyna, ¥ — mepeMeHHasi, TO Bbipaxkenusi Vo A
n dr A cyTb GOpMYJIBL.

I[Ipumep. Eciu curnarypa COmepKUT OABYMECTHbI (DYHKIIMOHAJIb-
HbIII CUMBOJI f, OIMHOMECTHBIN HpeauKaTHbIA cuMBOJI PP u IBYMECTHBIH
IPEIuKATHBI CUMBOJI (), TO CJIeAYIONEe BBIPAKEHUA SIBJISIOTCS (POP-
MYyJIaMWU:

P(f(z,y)), Qz,2), z=y, Jyz=y,
Jz Q(z,2), (P(f(z,y)) &3z Q(x,2)),
(P(f(z,y)) & Tz Q(z,2)) Dy z =y),

Jz (P(f(%,y)) & 32 Q(z,2)) D Iy = =y).
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NHoyKTUBHBIA XapakTep onpenejeHns (poPpMYJIbl IO3BOJISIET UCIIOJIb-
30BaTh B PACCYKICHUSIX MHAVKIINIO IO IIOCTPOEHUI0 POPMYJIbl. A MMeH-
HO, €CJId TPeOyeTCsi 10Ka3aTh, YTO BCe POPMYJIbI 00/1a1aI0T HEKOTOPhIM
CcBOMCTBOM P, TO IOCTATOYHO yCTAHOBUTD, YTO

1) xaxk1asa aroMHasa GopmyJsa obJiamgaeT coitcTBoM P;

2) ecoim popwmysia A obamaer cBoiictBoM P, To hopmysta ~.A4 Takke
obJ1amaer cBoiictBoM P

3) ecim dopmysasr A u B obsamaror coiictBom P, 10 dopmysibi
(A& B), (AV B), (A D B), (A= B) takxke obsamaior ceoiictBoM P;

4) ecnu dopmyaa A obnanaer cBoiictBom P, a £ — mpom3BOJIbHAS
nepemenHas, 1o popmysnl Vr A u dxr A obiagaior cBoiictBom P.

Nunyxiumeii mo mocTpoeHno PopMyJIbl MOXKHO TaKKe 3a1aBaTh (DYHK-
I, OIpenesieHHbIe Ha MHOXKeCTBe Bcex (pOpMYJI.

[IpakTnyiecku, 3a0uChbiBasi (GOPMYJIbI, IPUHSITO OMYCKATh HEKOTOPHIE
ckoOku. IlosrydeHHbIe TIPU 9TOM BBIPpAXKEHUsT CJIEIyeT PACCMaTPUBATH
KaK COKpallleHHOe obOo3HadeHue aJjsg gpopmys. B dacTHOCTH, OOBIYHO
OIIYCKaIOT BHemIHue cKoOku y dpopmyJi. IlabpHeiinas «9KOHOMUST» CKO-
OOK BO3MOXKHA, €CJIA IIPUHATH COIJIAIIEHHE O TOM, KaKHe JIOTIYEeCKUe
omepaluu «CuJjibHee». [lJIst 3TOro pacroJsioKuM JIOTUYECKHE CHUMBOJIbBI
B CJIEIYIOIIEM IIOPsOKe:

Vd-& VD=

11 OygeM CUnTaTh, YTO U3 BCEX BO3MOXKHBIX «B IEPBYIO OUYepenb» BBIOJI-
HsIETCsI Ta OIepallnsi, KOTOpas CTOUT B 3TOM cmucke JieBee. (Ha camom
Iejie KBaAHTOPLI V, d m oTpuilaHne — HUKOIA HE MOI'YT «KOHKYPUPO-

BaTh» APYT C IPYTOM.)

[Ipumep. Popmyty
(Vz (x =y D (Fz Q2) & (R()

Qy))) Vv Q(z))

MOXKHO COKpPAaIlleHHO U300pa3uTh B BUIIE
Ve (r =y D3z Q(z) & (R(z) = Qy))) vV Q(x).

B dopmynax suma Vr A u dr A Beipaxkenme Ve nman dx Has3bIBa-
eTcsa kearmoprnoti npucmaekxot, a dopmyaa A — obaacmovro deticmeus
COOTBETCTBYIOIIETO KBAHTOPA (TOYHEe — KBAHTOPHON MPUCTABKN).

Bxoxnenue mepemennoii x B dpopmysy A HA3LIBACTCHA CBA3GHHbBIM,
ecJId OHO HAaXOIUTCA B 00JIACTH HOEUCTBUA KBAaHTOpPa Vi wWam Jdx Wan
BXOIUT B KBAHTOPHYIO IIPUCTABKY. BX0oXKOeHne mepeMeHHOl, He SABJIAIO-
neecs CBA3AHHBIM, HA3BIBAETCA C80000HbBIM.
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[Ipumep. B dopmyse

vz (P(f(z)) &Fzz=2D3z Rz, z))Vz=u1

IMOTYEPKHYTHI BCE CBA3AHHBIC BXOXKIEHU MEPEMEHHON I, IPpUYEM BXO-
KIOeHUA, CBA3aHHBIE OJJHON U TOH )K€ KBAHTOPHON IIPUCTABKOM, MOTYEPK-
HYTbI OJJMHAKOBBIM YHCJIOM 4depTovuek. HemomuepkHyToe BXOXKJIEHUE T,
a TaK>Ke BCE BXOXKJIEHUSI 2 SIBJISIOTCsI CBOOOIHBIMMU.

@opmysia, He comepxKaias CBOOOIHBIX MEPEMEHHBIX, HA3bIBAETCH
samrrymoti (U 3axpoimot) popmysod.

ri ... T
Bripazkenne Buga ( o t: ), riae ri,... ,Ty, — PA3JINYHBbIE IIEPEMEH-
Hple, t1,... ,t, — TEPMBI, HA30BEM n0odcmaHoskofl.

L1 oo T

[Tycts E — Tepm (dopmysia) siseika (), 6 = (t1 . ) — TIOICTA-
HOBKa. Yepes 6 F 0003HAYNM BhIpaXKeHUE, IOJIYIEeHHOE OTHOBPEMEHHOM
3aMeHoil B I/ Bcex (CBOOOMHBIX) BXOXKIEHMI MEPEMEHHBIX X1, ... , L, HA
TepMbI t1,...,t, coorBercrBeHHO. (UueBUOIHO, UTO ecau ti,...,t, —
TepMbl s3bIKa ), a FF — dopmyna a3weika (), to 6 — Takxke dop-
MmyJia si3biKa (), a eciim BF — tepm sa3bika (), To OF Takxke siBJIsSIeTCA
TepMoM A3bIKa (). Breipaxkenue 6 F HasbIBaeTcsa pe3yabmamom nodcma-
HOBKU TEepMOB t1,... ,t, BMECTO IIepEeMeHHbIX 1, ... , L, B K. 3amernm,
gr0o TepMm (dopmysa) O FE 3aBUCHT JIUIIBL OT TOTO, KAaKWe TepPMbI IIO/I-
CTABJIAIOTCS BMECTO IIE€PEMEHHBIX, UMeIoIuX (CBOOOIHBIE) BXOKICHUS
B TepM (opmyay) E. B gactaocTu, ecoim A — samkHyTas dpopmyia,
t0o A4 coBunamaer ¢ A, kakoBa OBl HI ObL/Ia IIOACTAHOBKA 6.

[Ipumepnl.

&

1. Ilycts F ects dhopmysta Jy P(z,y,z), a 0 = (f(w,y)). Torna 0F

ects popmyna Jy P(f(z,y),y,2).
2. Ecim E ectb x = y D Vy Q(y), a 8 = (f(;c,y) Z), 10 OE — 5T0

dbopmyna f(z,y) =2z D Vy Q(y).
3. Ecom E — »10o dopmyna Vy Ply,z) V Iy R(x,y), a 8§ — noncra-
HOBKA 13 npumepa 2, To 8 — s1o popmyia

Vy P(y,z) vV 3Iy R(f(z,y),y).

Tepm t HazpBaeTcsa ceobodnvim dasi nepemennoti T B popmyae A,
ecJii HUKaKoe CBOOOIHOe BXOoxKmneHme = B A He maxomurca B obJjiacTu
NIeliCTBUsI KBAHTOPOB IO TIEepEeMEeHHBIM, BXoadmuM B TepMm t. Hampu-
Mep, TepM f(x, z) saBJsieTcss cBOOOMHBIM 11 & B dpopmyste Jy P(x,y, z)
U He ABJIsIeTCsI CBOOOIHBIM 11t & B popmyste dz P(x,y, z). B najibheii-
IIeM MbI YBUIUM, ITO C JIOTUYECKOI TOUYKM 3pEeHUsI IIOJICTAHOBKA TepMa, ¢
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BMECTO T B popmysry A sIBJIsteTCsi IPaBUJILHOM I OCMBICJIEHHON’, TOJIHKO
econ t ceobonen niga z B A.
WNnorpa, nMest B BUIy OaJibHelilee IpuMeHeHne MOICTAHOBKHA

I1 « o In
0 =
(o)
K HEKOTOpOMY Tepmy ujm popmyse B, ns F yonorpedsisior obo3Haxe-
aue E(x1,...,x,) u 3arem BMecto OF numyr E(ty, ... ,t,).

YupaxHeHUd.

1. Kakne BXOXKIIEHNsI IEPEMEHHBIX ABJISIOTCSA CBOOOIHBIMU, 8 KAKUe
CBsI3aHHBIMH B CJIEOYIOMNX (POPMYJIaX:

a) Vo (P(z,y) D Vy Q(y));

6) Vo P(z,y) D Vy R(z,y);

B) =3z Q(z,2) & R(f(y,2))?

2. dBnsiercs s TepMm ¢ cBOOOIHBIM IJIs IepeMeHHoit y B A, eciin

a) t ectv f(x,y), A ects Vo P(x,y);

6) t ectb f(y,z), Aectb P(y,z) D dz Q(2)7?

3. Hoka3arp, 94TO

a) TepM, He COMepKAIINi MepeMeHHbIX, CBOOOIeH Jis1 Ji000# mepe-
MEHHOIi B J11000it (bopmy.ie;

6) x cBoOOmHA 1A & B J1t000H dopmy.ie;

B) ecain popmysia A He comepKuT cBOOOIHBIX BXOXKIEHUIT &, TO 1000
TepM cBOOOIeH 111 = B A.

4. HaszoBeM MoaCTaHOBKY (5511 f:) cBoOoOmHO#I myist dopmysiel A,
ecyi O Bcex ¢ = 1,...,n TepM t; cBODOIIEH IJI IepeMeHHOol x; B pop-
myJsie A. BoisicHuTh, Kakue moaCcTaHOBKH n3 mnpumepoB 1-3 ma cTp. 31
CBOOOIIHBI /1 COOTBETCTBYIONINX (DOPMY.I.

§ 7. IlpuMepHBI A3BIKOB IIEePBOTroO IMOPsiIKa

ZI3BIKM TIEPBOro MOPSOKA MCIOJIbL3YIOTCA OJIS 3aIlllCh MaTeMaTude-
CKUX YTBepXOeHHnil, mpudeM IJIsT KaxXKI0iI KOHKPEeTHOII 00Js1acTi maTe-
MaTUKU, UK, KaK TOBOPST, MATEMAaTUIECKOIl Teopun, BbIOUPAETCsT A3bIK
c nogxogsAieli curaarypoii. lMcnoJsib3oBanue si3bIKa IEPBOIO MOPSIOKA
NJIA 3al0UCU YTBEPXKIACHUN, OTHOCANMIMXCA K IJAHHOU MaTeMaTUu4eCKOun
TEOPUH, CTAHOBUTCSI BO3MOXKHBIM, €CJIN YIAEeTCA PACKJIACCUPUIITPOBATH
BCE OCHOBHBIE IOHSITHsI TEOPUU HA «OOBEKTHI», «(DYHKINU» U KIIPEIN-
KaTbly». IIpm aTOM PyHKIINM M OpeauKaThl OJOJKHBI OBITH ONpelesIeHbI
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TOJILKO Ha 00bEKTaX, U 3HAUCHUSIMU (DYHKIINHA SIBJISIOTCS TOJIBKO 00 bHEeK-
Thl. B 4acTHOCTHU, He JOIyCKaeTCs pacCMaTPUBATh HPEIUKAThI, 330aH-
Hble Ha PYHKINAX, WA (DYHKIINN, 3aJaHHbIe HA IPeIUNKaTaX. 3aTeM /s
HEKOTOPBIX KOHKPETHBIX, 3aMedaTe/IbHbIX B TOM HJIA MHOM OTHOIIEHUU
00beKTOB, (DYHKIIMIA 1 TPEANKATOB, Mbl (PUKCUPYEM UX 0003HAUECHUSI, KO-
TOpbIE 1 0OPaA3yIT COOTBETCTBEHHO MHOXKecTBa KOHCTaHT Cnst, pyHK-
IIMOHAJILHBIX CUMBOJIOB Fn 1 nmpeaunkaTHbIX cuMBOJIOB Pr. Taxum oOpa-
30M, BOSHUKAET A3bIK MepBOro nopsamka ¢ curaarypoii (Cnst, Fn, Pr).

B maremarudeckoii jioruke paspadOTaHbl A3bIKU /s MHOTUX MaTe-
MaTH4IecKux Teopuii. PaccmMorpum aBa m3 HUX, Urpalpommx Hamubosiee
BaXXKHYIO POJIb B JIOTUKO-MaTEeMATUYECKUX NCCJ/ICIOBAHUSIX.

1. Curnarypa saswvika Gopmasvbroti apudMmemuru COOEPKUT €IUHCT-
BEHHYIO0 KOHCTAHTY 0 1 Tpu PyHKIMOHAJIBHBIX CUMBOJIA: OJHOMECTHBIM
S m nBymecTHble + 1 -. YCJIOBHUMCS BMECTO —|—(t1,t2) nucarb t1 + to,
a BMecTO -(t1,ty) — mmcarh 1 -to. IlogpasymeBaembriit cMbICST cUMBOJIA, S
takoB: S(x) = xz + 1. [Ina xkparkoctu Bmecto S(t) Oymem mucatsh St.
lMmest B BUIy IOIPa3yMEBaEMblIii CMBICJI CUMBOJIOB SI3bIKa, MOXKHO BBECTH
COKpaIlleHHbIE 0003HaYEeHNA 111 HEKOTOPBIX hopMmysi. Hanpumep, Beipa-
Kenne £ < ¢y OyIeM CYUTaTh COKPAIeHneM 1711 POPMYJIbl 12 T+ 2 = y;
r <y — g popmyJel dz x+ Sz =y, riy — oA dz y -z = T.

2. Curnarypa A3uka meoput MHOHCECME COOEPKUT TOJILKO IBYMECT-
HBIII ITpeIuKaT CUMBOJI €. YCJAOBUMCS INCATh ¢ € ty BMECTO € (tl,tg).
O4ueBuOHO, 9YTO TEPMAMU 3TOIO A3BIKA, SBJIAIOTCsI TOJIHKO IIepEeMEHHBIE.
Bor nmpumepsl (popMys sI3bIKA TEOPUUA MHOXKECTB:

1) Vz (2 € © D z € y). mesa B BuILy eCTeCTBEHHBII MOAPa3yMe-
BAEMBI CMBICJI CUMBOJIOB S3BIKA, IJIsI 3TOI (POPMYJIBI MOXKHO BBECTHU
cokparmenaHoe oboznadenue x C y.

2) mz = y. Ee MOoxXHO Ob1/10 OBI COKPAIIEHHO 0003HAYNTDL T 7% 1.

3) 7x € y. Ity POpMyJIy MOKHO 0D03HAIUTD & & .

4) -y y € x. 1y DOpPMYyJy €CTEeCTBEHHO 0003HAYUNTD T = J.

¢ 8. OnpeneseHne MHTEPIPETAIINA

IIpy mocTpoeHmm KOHKPETHOTO JIOTMKO-MATEeMaTUIeCKOro sA3BhIKA
OOBIYHO TTOIPA3YMEBAECTCSI HEKOTOPHIN CMBICJT COCTABJISIIONINX €70 CHM-
BOJIOB, OQHAKO IIPU ONUCAHUU sI3bIKA, OHPEIe/IeHUN TEPMOB U (POPMY.JI
9TOT CMBICJI HUKAK He HcCHojb3yercda. llocse Toro xax BLIOpaHa CUT-
HATypa A3bIKa, MBI BIIPABE HANEJIATHh BXOIOAIINAE B HEE CUMBOJIbI HOBBIM
CMbICJIOM, OTJIMYHBIM OT TOrO, KOTOPBI BKJIAJIbIBAJICA B HUX Ha 9Ta-
e IIOCTPOEHNs sI3bIKa. DboJiee TOro, paccCMOTpeHne Pa3JInIHBIX MHTEeP-
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npeTanuii OOHOIO K TOTO K€ sA3BIKA, sIBJIAETCsS OOHUM W3 BaxKHEHIMX
IIPUEMOB, HCIIOJIb3YeMbIX B MaTeMaTWdeCcKOll JIOTMKe, I MMEHHO C ero
TIOMOIIBIO OBLIIM IOJIYyYeHbl MHOTHE BaXKHbI€ PE3YJIbTATHI.

Yrobwer 3amarb unmepnpemauuto curaarypsr 0 = (Cnst, Fn, Pr),
HYZKHO

1) dburcupoBaTh HEKOTOPOE HEILYCTOE MHOXKeCTBO M, Ha3bIBAEMOe HO-
cumenem THTEPIPETAINN;

2) ¢ kaxmo#t kKoucTanToit ¢ € Cnst comocTaBUTh 3JIeMEHT ¢ € M ;

3) ¢ KaxabIM k-MecTHBIM YHKINOHAJIBHBIM cuMBoOJIOM f € Fn como-
CTaBUTH HEKOTOPYIO k-MecTHYIO pyHKImIO f : M* — M:

4) ¢ KaxIbIM k-MECTHBIM IIPEIUKATHBIM cuMBOJIOM P € Pr comocra-
BUTH k-mecTHbIl pequkar P : M* — {11, JI}.

Ecan P ectp O-MecTHBIN OpeguKaTHBIZ CIMBOJI, TO C HAM COIIOCTA-
BJISIETCsT OJIHO W3 OBYX MCTUHHOCTHBIX 3Hadenmii 1 mam JlI.

BymeM Ha3bIBATh G, [, P UHTEPHpETAUAME COOTBETCTBEHHO KOHCTAH-
THI ¢, PYHKIINOHAJILHOIO CUMBOJIA [ U IPEOUKATHOTO CUMBOJIA, L.

Hocurenp narepnperanmum — MHOXeCTBO M — 00bABIAETCS 00J1a-
CThIO BO3MOXKHBIX 3HAUEHUHI (MM, YTO TO XK€ caMoe, 00JIACThIO M3MeHe-
HI/IH) OJ1A KAXK IO IepeMeHHO.

[Ipumep 1. IIycre () — curnarypa sa3bika popMaIbHON apudme-
Tuku. PaccMOTpuM [IBe MHTEPIPETALUN 9TOI CUTHATYPHI.

1) Hocuresn, — MHOXKeCTBO HaTypaJibHbIX uncest; 0=0, ?(x):x—l—l,
+(x,y) — cymma umncesa ¢ u y; -(r,y) — MPON3BEIEHUE TUCEST T U Y.

311ech B COOTBETCTBUU C cOIvIalleHueM depes +, =, S, 0 0603HaUeHBI
MHTepIpeTanun CUMBOJIOB +, -, S, 0.

Mpl yonoTpeOuIn BbhIpasKeHIEe «CYMMa, 4UCeJ T W Y» BMecTo OoJiee
IIPOCTOIO «X + y», YTOOBI He 3alyTarbCcs. lesio B TOM, 9TO B PaBEHCTBE
+(x,y) = 4y 3HAK + UCIOJIB3YETCA B IBYX PA3HBIX CMBICJIAX: CJIEBA OT
3HAKa PABEHCTBA OH 0003HAYAET (DYHKIIMOHAJILHBIIT CUMBOJI CUTHATYPHI,
KOTOPBIA MOXKET UMETh PAa3JIMIHbIE MHTEPIPETAIINY, & CIPaBa OT 3HAKA,
PABEHCTBA 3HAK + €CTh MMsl (PYHKIINU CJIOKEHUsI HA HATYPAJIbHBIX UN-
ciaax. To ke oTHOCUTCS K 3HAKY -. B masipbHelimeM Mbl 6yaeM II03BOJISATH
cebe HCII0JIb30BATh TaKue OOIIeyIIoTpeOuTe IbHbBIe 3HAKN, KaKk =, <, +, -
B Pa3HBIX CMBICJIAX, HE OCTAHABJIMBAsCH HA PA3bACHEHUAX.

DTa HMHTEpIIpPeTalsl HA3BIBACTCA cmardapmmoti unmepnpemayueti
A36KA POPMAALHOT aPpUPMEMUKU.

2) Hocuresnb — MHOXKeCTBO HaTypaJibHBIX uuces; 0 = 5; S(z) = 2%;
(x,y) = x + 2y; +(x,y) = 2z + y. ITa UHTEpPHIpETAINA HE UMeeT
HA3BAHUA, Mbl BHIODAJIA €€ CJIyIaiiHbIM 00Pa30M.
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I[Ipumep 2. Ilycrb curuarypa COCTOUT U3 ABYX IBYMECTHBIX PyHK-
[IMOHAJILHBIX CUMBOJIOB + u -. Torma Jioboe KOJILIIO U JII00OEe moJie
ABJIACTCA MHTEPIIPETAINEN HTOU CTPYKTYPHI.

[Ipumep 3. Ilycth curmarypa COCTOUT U3 IBYMECTHOI'O HPEIUKAT-
HOTO cuMBoOJIa <. JI0boe ymopsimodeHHOe MHOXKECTBO sIBJISIETCSI MHTEP-
IIpeTalueil 3To CUTHATYPbI, €CJIN MHTEPHIPETUPOBATh < KaK MPEInKaT
«OBITH MEHBIIE.

Pazymeercs, B 5TuUX npuMepax BO3MOXKHBIE HHTepOpeTanun He UCYep-
[ILIBAIOTCA NPUBEACHHBIMU.

CuiegyeTr XOpoIIo HOHUMAThH PA3JIndne MeXK1y KOHCTaHTaMu, (DYHKIII-
OHAJIbHBIMHA CUMBOJIAMHU, IIPEANKATHBIMA CUMBOJIAMI U UX WHTEPIIPETA-
nmuAMU. IlepBble CyTh HEKOTOPBIE 3HAKN, NCIOJIb3YeMbIe ITPU HAITMCAHUN
dopMyJI, a UX UHTEPIPETANUN SIBJISSIOTCS «HACTOAIIUMEI» JIeMEeHTaMU,
bYHKIUSAME 1 TpeIuKaTaMu.

YuopaxXHeHU 4.

1. B curnarype s3bika popMasibHON apudMeTnK 3aI1cCaTh POpMy-
JIy ¢ OOHOIT cBODOTHOII TTepeMeHHOlt £, NICTUHHYIO B CTAHIAPTHOIT MHTED-
IpeTanuy TOrIa U TOJILKO TOTHa, KOTOa

a) T IeTHO;

6) x = 2 (mod 3);

B) £ — TPOCTOE YHCJIO.

2. Bamucarh 3aMKHYTYIO (bopmysty B curnarype { P}, tme P — nBy-
MECTHBI NPEeInKATHBIH CHUMBOJI, NCTUHHYIO B MHTepnperanuu [ Torma
M TOJIBKO TOI[a, KOIJA HOCUTeJb I JIMHEHiHO yHopsIo4YeH OTHOIIEHU-
em P.

3. Ilycts HOCuTE H MHTepHpeTanuu I curaarypsl { P} ecth MHOKe-
CTBO BCeX MOAMHOXKECTB HaTYPaJIbHLIX uuces, a P(z,y) = U oznauaer,
gyro ¢ C y. 3anucarb pOpMyJibl, O3HaUaMomue ¥ =y Nz ux = y U 2.

¢ 9. PopmMasibHOE onpele/ieHue HCTUHHOCTH

Ecan 3adurcupoBaHa MHTEPIpETAINsl TAHHOI CUTHATYPBI, TO Ka-
KOad 3aMKHyTasdg (DOPMYJia 3TOM CUTHATYPHI IPEBPAIIAETCA B BBICKA-
3bIBaHNE, U C Hell CBA3LIBAETCS €e NCTUHHOCTHOe 3Hadenne I nm Jl.

[Ipumep. PopmyJibl

VeVy dz 2 +y = 2, dy 0=1vy-550,
VeVyzxz -Sy=x-y+ =, dx $SS550=x+=x
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NCTUHHBI, & (POPMYJIbI
VeVyVzax+2z=uy, dy S50 =y 550

JIO’KHBI B CTAHIAPTHONM MHTEPIPETAUN A3biKa (DOPMaJIbHOI apudmMeTn-
K.

Hanum 6osiee crporoe, PopMaJjibHOE OIpedesieHue UCTUHHOCTHOIO
3HAaYeHUsT 3aMKHYTOil ¢opmysbl. Ilycts M — HOcuTe b mHTEpPIIpETa-
mun I curnarypser 0 = (Cnst, Fn, Pr). C kaxmaeim ssementom m € M
COTMOCTaBUM HOBYIO (T.e. He BxomaAmy B Cnst) KOHCTAHTY m — UMs
ssiemenTa m. Yepes (M) obosHAUMM CHTHATYPY, HOJIYyUeHHYH u3 )
nobaBJIeHIEeM UMEeH BCeX 3JIeMeHTOB u3 M B KadecTBe KOHCTAHT, T.e.

QM) = (CnstU{m | m € M}, Fn,Pr).
IToncranoBky BuIa (zi 2”’ ), roea,... ,a, € M, HazoBeM oueHkof.

L1 oo Iy

a; ...a,

Bynem roBoputTh, 4To 6 = ( ) — oneHka Tepma (dopmysinl) E,

eciu E He comepxRuT (CBOOOIHBIX) BXOXKICHUI MepeMeHHbIX, OT/IMIHBIX
OT X1,...,%y. Eciu 8 — ouenka tepma (dbopmyJibl) E, To 6 E Oynem Ha-
3bIBATh OUEHEHHbIM MepMoM (COOTBETCTBEHHO, oueHeHHOT Popmynoii).
OueBUIHO, YTO MHOXKECTBO OLIEHEHHBIX TEPMOB — 3TO B TOYHOCTU MHO-
’KECTBO BCex TepMOB s13b1Ka (2( M), He comepKalmx MepeMeHHbIX, 8 MHO-
’KECTBO OIEHEHHBIX (DOPMYJ — HTO MHOXKECTBO BCEX 3aMKHYTHIX (POp-
MyJ1 s3bika (M),

Nuaykiueit mo mOCTPOEHUO OIEHEHHOr0 TepMa t (T.e. TepMa sI3bIKa
(Q(M), He comepxallero mepeMeHHBIX) OMpene/IuM ero 3HadeHune, 000-
3Hagaemoe |t|. 9to Oymer sjemenT MHOXKecTBa M.

1) Ecnu t ects koHCTaHTa ¢ € Cnst, 1o |t| = €. Ecau ¢ ectb KOHCTAH-
ta m, e m € M, to |t| = m.

2) Ecau t umeer Bun f(t1,...,t,), ooe t1,... ,t, — OLIEHEHHBIE TEp-
mbl, 1O |t| = f(|t1],-- ., |tn])-

Teneps MHAYKIUER 10 KOJIMYECTBY CUMBOJIOB V, d, &, -, V, D, =
B OlleHeHHO# dopmyste (T. e. B 3aMKHYTOI bopmyJie s3bika (M) ompe-
IeJIMM ee HUCTHHHOCTHOe 3HadeHue B mHTepnperauuu I locrarodHo
OIpEeNe/InTh, B KAKNX CAyYasX UCTUHHOCTHOE 3HaYeHre (POPMYJILI PaB-
HO U, 1 yCJIOBUTBHCSA, YTO B OCTAJIBHBIX CJIydasX OHO paBHO JI. YTBep-
KJIeHHe O TOM, 4YTO MCTUHHOCTHOE 3HAYeHWe OleHeHHOI dopmysibr A
B wHTepuperanun I ects U (JI), OymemM COKpaIeHHO 3aIUCHIBATH TaK:
I = A (coorBercTtBenno, I = A).

1) IIycts A ecth onenennas aromuas dopmysia suga P(ty, ...  t,).
Torna, oueBumgHo, t1,... ,t, — oneHenusie TepmMbl. I = A Torma n To7b-
Ko Torma, korga P(|ti],. .., |tn|) = W.
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2) IIycts A ectb onenennas aromuasi bopmysia Buma t; = to. Torma
t1 m to — olleHeHHBIe TepMbl. [ |: A Torma m TOJIBKO TOrIa, KOLIa
2] = [t2].

3) lycts A umeer Bun —~B. Torna B — otnenennas dpopmyaa. I = A
TOTJIA U TOJIBKO Torma, Korna I £ B.

[Tycts A umeer sun (B&C), (BVC), (B D C) uiu (B =C). Torna B
n C — olleHeHHbIe (POPMYJIHI.

4) I = (B & C) Torma n Tosibko torma, korma I =B u I =C.

5) I = (BVC) rorna u Tosibko Toraa, korga [ = B wiu I = C.

6) I = (B D C) rorma u Tosibko Torma, korna I = B unu [ = C.

7) I = (B = C) Torma u TOJILKO TOTA, KOT/Ia UCTUHHOCTHbBIE 3HAUEHUS
dopmysr B u C B unrepuperanuu I COBIIAIAIOT.

[Tycts A umeer Bun dx B(x) wiam Vo B(z). Torma B(a) sBjsiercs
olleHeHHOi1 (bopmyJioii mpu Jrobom a € M.

8) I = dJx B(x) Torma m TOJBKO TOTIA, KOTIA CYIIECTBYeT TaKOM
ssmementT a € M, ato I |= B(a).

9) I = Vz B(x) torma m Tosbko Torma, korma I = B(a) mas Bcex
a € M.

Mpb1 onpenesnmuanm oTHOomeHue [ |: A 17151 mpousBOSILHON OIleHeHHOM
dopmyabr A. OueBugHO, 4TO Jit0Oasg 3aMKHyTasg opMyJia A3bIKa, )
sIBJISIETCA OlleHeHHO#N dopmysioii. [losToMy mpuBemeHHOE oIpenesieHne
C KaxKJI0ii Takoii (pOPMYJIO COIOCTABJIAET €€ UCTUHHOCTHOE 3HAYEHNE
B MHTepIperanun 1.

8 10. Obme3sHaunMbIie (bOpMYJIbl, BBINOJHUMBIE (DOPMYJIbI,
pPaBHOCHJIbHEIE (DOPMYJIBI

DopMyJia HA3BIBAETCA 00U, e3HAYUMOT (M MOHCIECTNEEHHO UCTNUMH-
Hofi), ecJi OHA UCTUHHA B JIIOOOU WHTepIIpeTalny pu Jiroboii ee oleHKe.

[Ipumep 1. IHokaxewm, uro dopmysa Jx Yy P(x,y) D Vy dz P(z,y)
obmesnaunma. Obosnauum ee depes A. Ilycts [ — mpousBoJibHAS UH-
teprperaiusi, M — ee nocuresb. Ecam I (£ Jx Yy P(x,y), To I |E A,
KaK BUIHO M3 IMyHKTa 6) ompemesieHus nicTuHHOCTH. PaccMorpum ciry-
qait, korna I = dx Vy P(z,y). Ilo nyukTy 8) onpenesieHus UCTUHHOCTH
Halinercsas m € M, nisa xkoroporo I = Vy P(m,y). Torma mo nyukTy 9)
onpenesenusa ucruanoctu I = P(m,n) nnsa Bcex n € M. 3uauut, 110
myHKTY 8) Toro ke onpenesenns I = Jx P(x,n) mas Bcex n € M, a mo
nyukry 9) I = Vy dx P(x,y). llo nyuxTy 6) onpenesieHusi UICTUHHOCTH
9TO o3Hadaet, 9to I = A.
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B §3 ryaBbl 2 ObLJIO BBEIEHO IOHSTHUE TABTOJIOIMU KAK IIPOMO3UIIAO-
HAJILHOUI (DOPMYJIBI, KOTOPasi IPEBPAIIAECTCS B MCTUHHOE BBICKA3BIBAHIE
pu Jir000it MoaCTaHOBKE B Hee KOHKPETHBIX BLICKA3BIBAHUNI BMECTO IIPO-
MO3UIMOHAJILHBIX IIEPEeMeHHbIX. PacrnpocTpanuM IOHSITHE TaBTOJIOIUU
Ha, (POPMYJIbI A3BIKA, IIEPBOrO IIOPSIKA.

O4YeBUOHO, UTO €CJIM B IIPOIIO3UIMOHAJILHYIO (DOPMYJIy BMECTO BCEX
IIPOIIO3UITMOHAJILHBIX II€PEMEHHBIX IIOACTABUTH KAaKUe-HUOyIb (PpopMy-
JIbl sA3BIKA, IIEPBOIO IOPsAOKA, TO IIOJIYUUTCA (POPMYJIa sI3hIKA IIE€PBO-
ro nopganka. Ilycrs B(Py,...,P,) — mnponosuimoHajbHass (PopMyJIa
C NPOHO3UIIMOHAJIBHBIMU IlepeMeHHbiMu Pi,...,P,, a Ai,... , A, —
IIPOMU3BOJIbHBIE (DOPMYJIBI sI3bIKa IIepBOro nopsinka. (ObosHaduMm 4depes
B(Ai,...,A,) dopmysy, TOAyYeHHYIO TOOCTaHOBKOK B B(Py,... , Py,)
dbopmyit A, ..., A, Bmecro P, ..., P, cooTBeTCTBEHHO.

®opmysia A g3bIKa IEPBOro MOPSAOKa HA3BIBAETCS MaABMOMA02UET, €C-
JIM CYIIECTBYIOT TaKasl MPOMO3UINOHAIbHAs TasTosorust B(Py,... , P,)
n Takue GopMmyJbl A3biKa nepsoro nopanka Aq,...,A,, aro A ectb

B(Ay, ..., A).

[Ipumep 2. @opmyna Vo R(x)V —Vr R(x) aBaseTcs TaBTOJIOTHEN.
OHna moJiy4daeTcss u3 IIPOHO3UIIMOHAJILHOIT TaBTos1orun P V - P moacra-
rHoskoit Vx R(x) smecto P.

[Mpumep 3. @opmysa Jy Qy) & (Jy Q(y) D R(z)) D R(z) Takxe
ABJIAETCsT TaBTosIorneii. OHa 1MoJIyYaeTcss U3 MPONO3UIIMOHAIBHONR TaB-
rosiorun Py & (P D Py) D P, nmoacranoskoii Jy (Q(y) smecro P, u R(z)
BMecTO Ps.

Teopewma 1. JIrobas raBTojoruss ooHie3HAIAMA.

IHokazaTeabCcTBO. B gaapHeiineM Mbl OyIeM yIOTPeOIATh 3HAK
«rpadUIecKoro pPaBeHCTBa» = [IJIsl BbIPAXKEHUs OOWHAKOBOCTHA CJIOB:
A = B osnadaer, 4TOo cJjo0Ba A m B oouHaKOBBI, T.€. IIOCTPOEHBI U3
OIMHAKOBBIX OVKB, PACIIOJIOKEHHBIX B OOIUHAKOBOM IOPSIIKE.

IIycts A — dopmysia sa3bika (), sIBJIAONAACSA TABTOJIOTHEt. ITO
osnauaer, 410 A4 = B(A1,...,A,) 0jg HEKOTODPOil MPOMO3UIHNOHAJIb-
Hot TaBrosoruu B(Py,... , P,) u dopmyn Ay, ..., A, a3eika ). Ilycrs
I — mipousBoJIbHAS MHTEpIpeTalnsd, § — IPON3BOJIbHAS OIEHKA (DOPMY-
et A. Ouesunnwo, ato A = B(OA,...,0A4,). Illostomy BBIAUCTIEHNE
MCTUHHOCTHOIO 3HAaUYeHUsi (pOpMYJIbl A MO CYMIECTBY COCTOUT B BBIUU-
CJTEHWH 3HaveHus1, KoTopoe mpumer (opmysia B(Py, ..., P,) npu nomd-
CTAHOBKE B Hee MCTUHHOCTHBIX 3HadeHuit dpopmyn 0A4q,...,0A4, BMme-
cro Py,...,P,. Tlockonsky B(Py,...,P,) — TaBTosiorusi, oHa BCerma
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npunnmaer 3Hadenue V. 3uauur, I | 0A. Taxum obpaszom, dhopmy-
jaa A mcrtuHHa B J1I000I MHTEpHperanuu Ipu JioOOil olieHKe, T.e. OHA
obmresnaunmMa. Teopema 1 mokasaHa.

Dopmysia HAZHIBACTCS 8bINOAHUMOT, €CJI OHA NCTUHHA XOTsI ObI B O/I-
HOII MHTepOpeTanny IPpU XOTsI Obl OJHOIL ee OIleHKe.

[Ipumep 4. ®opmysta Ix Jy (P(x) & —P(y)) BBINIOTHIMA, HO HE 00-
me3naduma. OdosHauuMm 31y popmysy depe3 A. BosbmeMm B KadecTse
HOCHUTeJIsl WHTepnperamun MHOXKecTso {0,1} um momoxmm P(0) = WU,
P(1) = JI. HerpynHo BuIeTb, 9TO B 3TOil MHTEpIpeTannu GpopMyJsia
A noxna, caenoBaresibHO, oHa He OOIIE3HAYMMA.

®opmysipl A u B Ha3BIBAIOTCA pPABHOCUABHBIMU, €CJIT POPMYJIa
(A = B) obmesnauuma. Ecim A u B paBHocusibHbI, Oynem mucarh

A~ B.

Teopema 2. KakoBbsl 661 HE ObLi1n ¢popMmysiel A u B, ciipaBenjiuBpl
CJICYIONINE VTBEPKICHHT O PABHOCHJIBHOCTH:
1. Ecoim B He conep:xkut cBOOOIHBIX BXOXKIEHHUI ITepeMeHHOII T, TO
a) dx (A& B) ~dz A& B;
6) Ve (A& B) ~Vr A& B;
B) Vx (AV B) ~Vz AV B;
r) dx (AV B) ~dJdx AV B;
. dx (AV B) ~3dx AV dz B;
NV (A& B) ~Vr A& Vz B;
.de A~V —I.A;
.V A~ dx —A,;
. ecsin A(x) He comepKur y, TO
a) Vo A(z) ~Vy Aly);
6) dx A(zx) ~ Jy A(y).

O T s W N

HokaszaTtenbcTBO. MBI JI0OKaxKeM TOJIBKO PABHOCHIBHOCTHU 1.B)
n 2. IlokasarejbCTBO OCTAJIbHBIX PABHOCUJIBHOCTE IIPOBOAUTCS IO TO-
My Ke 00pasIly U IIpenjaraeTcsi B KaueCcTBe YIIParKHEHUs.

Urak, nokaxewm, aro Vx (AV B) ~ Vx AV B, T.e. ato dhopmyia
Ve (AV B) = (Vx AV B), koTopyo MbI 0603HaunM depes C, 00Ie3HAuN-
Ma, ecau B He comepKuT cBOOOIHBIX BxoxkaeHuit x. Ilycts I — mpous-
BOJIbHAA HHTepIpeTanus, M — ee HoCUTeb, § — IIPOU3BOJILHAS OIIEHK A
dbopmyster C. Hano mokasars, aro I = 6C.

Ilepemennas x He nMeeT cBOOOIHBIX BxoxAeHUl B C. IlosTomy dop-
myJia 0C He 3aBUCUT OT TOTO, KAKOIi TepM IIOICTaBJ/IAETCsI IPU OlleHKe O
BMECTO IIEPEMEHHON £, I MOXKHO CUUTaTh, YTO OIeHKa § BooOIEe He CO-
IIEePKUT .
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OdeBunno, aro C = Ve (A V 0B) = (Vz 64V B). ®opmyny
Vz (6 AVOB) obosuaunm depes Cq, a (Vr AV EB) — uepes Co. Bamernm,
ato (popmysia 8. A MoxkeT conepKaTh CBOOOIHBIE BXOXK ICHUS [IeEPEMEHHOI1
T, TIOPTOMY 1715 Hee OymeM ynoTpebJisith obosuauenne 6.A4(x). Popmyia
xe OB samrHyTa, ciemoBareabno, aubo [ = 0B, aubo I E 0B. Ilycto
I = 60B. Torna, mo nyHKTY 5) onpenesenns uctuauoctu, I = Vo AV DB,
re. I |=Co,ul = O0A(m)V B nnascex m € M, suaunr, [ |= Vx (0AVDB),
T.e. I &= Cy. 3uauur, C; u Cy obe uctunnuwl, u I = 6C. Ilyctb
I [~ 6B. Torma, oueBugHO, KakoBa ObI HI ObLIa 3aMKHYyTasA popmya F,
NCTUHHOCTHBIE 3HauYeHus dopmya F V 08 u F coBnamaior. IlosTomy
I EVz (0A(z)VOB) & I = 0A(m)VOB nnascexm € M & I = 0.A(m)
nna scex m € M &I Ve A& T =V AV 0B. Takum obpaszowm,
IEC & 1EC,y, e I E6C. Panocuabuocts 1 B) mokaszaHa.

ITokaxkeM paBHOCUJIBHOCTE 2. Tpebyercst noKa3arh OOIIE3HAYNMOCTD
dopmyast dz (AV B) = (dx AV Jz B), koTopyio mbl obozuadum D.

[Iycts I — npousBoJibHAaA MHTEpIHperanusi, M — ee Hocure b, 6 —
IPOM3BOJIbHAs OIeHKa popmyswsl D. Tak kax D He comepKut cBoOOI-
HBIX BXOXKIEHUN T, MOXKHO CUNTATh, YTO & He BXomutT B §. Umeem 6D =
= Jx (QAVOB) = (Jx AV Jx 6B). Hokaxewm, uaro [ |= Jx (6 AVOB) &
&I = 3z 0AV Iz 6B). @opmynst 8.4 u B moryTt comepxarh cBOOO/I-
HbI€ BXOXOCHNA L, TOATOMY OyaeM YIOTPeOJIATh OJIs HUX 0003HAYEHUST
0A(z) u 6B(z). Umeem [ =3z (BAVOB) & I = (0A(m)VEOB(m)) nns
Hekoroporo m € M & I = 8A(m) win I = 0B(m) naa HEKOTOPOrO
meM&SIT = 0Avwm [ E Iz 0B 1 | Jx AV Iz 6B, uro
1 TpeboBaJIOCh TOKa3aTh. TeopeMa moKas3aHa.

Teopema 3. IIycts A — npowmssosibHass ¢popmysa, a B u By —
paBHOCHJIbHBIE (popMmyJibl. Torna

1) (A& B) ~ (A& B1); 5) (A=B) ~ (A=DBy);
2) (AV B) ~ (AV By); 6) _'BN_‘Bla

3) (ADB)~(ADBy); 7) dz B ~ dz By;

4) (B> A) ~ (By D A); 8) Vo B ~ Vz B;.

HokasareabcTBO. YTBepkaeHus 1)—6) HeMeOJIEHHO CJIEAYIOT 13
ornpenesieHnst uiCTuHHOCTU. loKazkem 7). YTBepxkaeHue 8) I0Ka3bIBAET-
csI QHAJIOTUYIHO W OPEIjIaraeTrcd B KadecTBe VIIPaKHEeHUsI.

Urax, Tpebyercst mokasark, 4ro ¢popmysa (dx B = dz B1) obmesHa-
yuma. Ilycts I — nmpousBoJibHas uHTepiiperaiusi, M — ee HOCUTEIb.
[Iycts # — npousBosibHast onenka dpopmysibl (dx B = dx By). Tak kaxk
913 POpMYJIa HE COOEP:KUT CBOOOOHBIX BXOXKIEHUIT £, MOXKHO CUUTATD,

g10o 2 He BXomuT B . Nmeem O(Jx B = Jz By) = (Jz 0B = dz 0B,).

Tak xak 65 u 63; moryT comep:kaTh CBOOOIHbIE BXOXKIEHUS IepPEeMeH-
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HOM x, OyameM 171 HuX yrnorpedbsiarh obosuadenus: 0B (x) u 0B (x). Ho-
kaxkeMm, 9o I |= dz 0B(x) & [ = dz Bi(x). Ilycrs I = Jx 0B(x).
Torma waiimercss takoit ssqement m € M, aro I | 60B(m). Ilo
ycaoButo, B ~ Bi. Bmnauwnr, I | (B = By), tune ) — ouen-
Ka, HmoJiydeHHas u3 6 pobaBjieHHeM IOACTAHOBKHU m BMecTto x. Ho
(B = By) = (0'B =6'By) = (B(m) = 0B:(m)). Taxum obpaszom,
I = (0B(m) = 0B1(m)). YuurwiBas, uro I = 6B(m), orcrona moJty-
qaeM [ = 0B1(m) u I | dx 0B;. Awnanornydno J0Ka3bIBAETCHA, UTO
eciu I = Jx 0Bi(x), o I = dz 0B(x). W3 mokazaHHOTO CJiemyeT
I = dx 0B = dz 0B, r.e. [ = 6(3x B = dz By). Taxum obpaszowm,
dopmysia dr B = dr By ucrunHa B J11000# uHTEpOpEeTAIIMNA IIPUA JIIOOOIA
OIleHKE. JHAYUT, OHa obme3sHaduMa. Teopema 3 mokaszaHa.

Teopema 4. Ectu A~BuB~C, 0 A~C.
DTO YTBEPXKIECHUE OYEBUIHO.

Teopema 5. Ilycrs B u By — paBHOCu/ibHBIE (popMyJsibl, a A —
rnpou3sBoJibHasA ¢popmysia. Ilycrs Ay mosydena m3z A 3ameHoit Hekoro-
pbIX BxoxkaeHuid ¢opmysnr B va B1. Torma A ~ A;.

JlokaszaTeJbCTBO. YTBEpKIACHAE HECJIOXKHO HOKa3bIBACTCS WH-
nykmumeil mo mocrpoennio popmysiel A ¢ moMmombio TeopeM 3 u 4.

Teopema 6. Jlobas popmysia paBHOCHILHA HEKOTOPOIi (hopMmy.ie,
He comep:xkamel csa30k &, D, = u kBaHTOpa V.

IlokaszaTeabcTBO. JoKaxkeM TeopeMy HMHIVKIIAEH IO IIOCTPOEe-
HUIO POPMYJIHL.

1) IIycts A — aromuast dbopmysa. Torma A He comep:KUT CHUMBOJIOB
&,D,=,V.

2) Ilycts A nmeer Bun (A; & Az). Ilo mHmykTUBHOMY Npeno-
goxennto Ay ~ By, As ~ Bs, rne By u By He comepxar &,D,=,V.
cnosb3yeM 04eBUIHYI0 PABHOCUILHOCTD

A& B ~-(—-AV -B).
Torma o Teopemam 4 u 5
A= (A1 & Ay) ~ =(mAL V-oAy) ~ =(=B1 V -B,).

ITocnenusiss popmysia ve comepxur &, D, =, V.
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Anasiornyno pasbupatorca caydan A = -A;; A = (A V As);
A= (A4 D A); A = (A = Ay); A =Va A; A = dx Ay, llpm

9TOM WCHOJIb3YIOTCA CJIEAYIOIAE PABHOCUJIBHOCTH:

ADB~-AV B;
A=B~(ADB)&(BDA) ~=(=(mAVB)V-(-BVA));
Ve A~ —dz —A.

YupaxHeHnd.

1. Hokazars, uro popmysia A obmesHaunma TOrIa m TOJBKO TOTIA,
korrna —.4 He BbINOJIHUMA.

2. BhIIOJTHAMBI JIH CJIeayoIIne GpOpPMYJIbL:

a) dr P(x);

6) Vo P(x);

B) Jz Vy (Qz, ) & ~Q(z,y));
) dx Yy (Q (w,y) DVz R(z,y,2))?

3. dABasiorcst s OOIMIE3HAMUMBIMU CJIEIYIOININE POPMYJIbI:

a) 3z P(x) D Vx P(x);

6) ~(3x P(x) DV P(x));

B) Vz Jy Q(z,y) D Iy Vz Q(z,y)?

4. Ilycts A(x) — dopmysia 6e3 KBAHTOPOB U (PYHKIIMOHAJIBHBIX CAM-
BOJIOB C €MHCTBEHHOI IMepeMeHHOoil & Takasi, 4ro ¢popmyJaa Jx A(z) ob-
me3HaunMa. Jlokasarsh, 9TO IJ1s HEKOTOPBIX KOHCTAHT Cf, ... ,Cn POP-
myaa A(cr) V...V A(c,) obmesnaguma.

5. PaBnocunbubt st popmyster P(x) u Vo P(x)?

=

5 11. IIpenBapenHbIe (bopMYyJIbI

®opmyay A Oynem Ha3bIBaTh npedsapernoti popmysoti, ecmm A nmeer

BUI (Q121Q2%2 . .. Qnx, B, tne Q1,Q2, ...,y — KBAHTOPHI, a (HOpMy-
7138 B He comep:KuT KBAHTOPOB.

Teopema 7. Kaxnas ¢popMmysia paBHOCH/IBHA HEKOTOPOI IpenBa-
PEeHHOIT (popMy.Ie.

MokasareabcTtBo. Ilyctb A — npousBosibHass opmysia. Ilo
Teopeme 6 Jrobasi (popmysia 3KBUBaJIeHTHA (POPMYyJIe, He ComepKallei
&, D, =. HokaxkeMm TeopeMy MHIVKIIAEH 1o nocTpoenuio A.

1) Ilycts A — aromuasi bopmyna. Torma A cama sBjsteTcst mpenBa-
peHHoii (popmyJIoii.
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2) I[Iycte A = —B. 1o nHAYKTUBHOMY TIPEIIOJI0KEHIIO

B~ QlCCl “ e inbnp,

roe D — 6eckBanTopHasi popmysia. Torma

A~-Qizy...QnznD ~Qix1...Q,x,—D,

rie

G_{V, econ (); = 3;
v 4, ecom (); = V.

3) Ilycrs A umeer Bum (By V Bs). Ilo mHAyKTUBHOMY MIpeoxKe-
HUIO B1 ~ Q121 ...Qnxn D1, By ~ Qllyl---Q;nymD% rne Dy n Dy —
becKkBaHTOPHBIE (DOPMYJIbL.

Bribepem nepeMeHHbBIE 21, ... , 2, IO CJIEOYIOIMEMY IPABUIIY: €CJIN T;
He BXOIUT B Do, TO z; = X;; €CJIM XKe T; BXOOuT B Dy, TO B KaYeCTBe z;
BO3bMEM KaKyIO-HUOYIb mepeMeHHYyI0, He Bxoadamyoo B D u Dsy. Ilpnu
5TOM JOJIKHO COOJIIONATHCA YCJAOBHE: 2; = zj TOTHOA U TOJIBKO TOTIA,
Korga ¢; = x;. (ObosHauum yepes C; (opmysy, nosydeHnyo us D;
3aMeHOi IepeMeHHbIX Z1,... ,L, Ha Z1,...,Zn COOTBETCTBEHHO. Torma
Q1z1...QnxnD1 ~ Q121 ...0,2,C1. st mokasaresbcTBa 3TOTO II0-
CTATOYHO 7 Pa3 BOCIOJIHL30BATHCS PABHOCUIILHOCTAME 6.2) 1 6.6) u3 Te-
opeMbl 2.

Ty ke oneparuio nposesiaeM ¢ hopmysoi Q1yi - . - Q) ymDa. A umen-
HO, BbIOEpEM IIepeMeHHBIE U1, ... ,U;, TaK, 9TO eCJu y; He BxoautT B Cq,
TO U; = ¥Y;, a ecau y; BxomuT B (i, TO u; — KaKasg-HUOYIb Iepe-
MeHHasd, He Bxomdmaa B Dy u Cy, npudeMm u; = uj TOLIA U TOJIb-
KO TOrga, Korma y; = y;. depe3 Co obo3Haduum popMmyJly, HOJIyUeH-

HyI0 U3 Do 3aMeHoit yi,... ,Ym, HA U1,... ,U; COOTBETCTBEHHO. Torga
/ / / /

Q1?Jl “ e mymDQ ~ Qlul “ e QmUmCQ.
Temnepnb

BiV By ~Qiz1...Q0n2C1 V QI1U1 e QinumCQ ~
~ Q121 - - QnznQiuy ... Q) um(C1 V Cs)

(MBI MCIIOJIB30BAJIN N + M pa3 paBHOCHJILHOCTH 1.B) m 1.r) m3 Teope-
MBI 2; 3aMEHa, IIePEMEHHBIX CIOeJIaHa MMEHHO [IJIsI TOr0,4TOObI MOXKHO
OBbLIIO BOCIOJIB30BATHCS DTUMHU PABHOCUILHOCTSIMHA ).

4) Ilycts A = QxB, rme (Q — »71o xBanTop 3 wan V. Ilo maIyKTHB-
HOMY IIpenjoxkeHuto B ~ Qix1...Q0mTy,D, rne D — OecKkBaHTOpHAA

dopmyaa. Torma A ~ QrQix1 ... QmxmD.
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ITockombKy Js100asi popMmysia 6€3 CUMBOJIOB D, =, & UMeeT OIUH W3
pPa300paHHBIX BUIOB, TEOPEMA JOKA3AHA.

B npuBenennn maHHON dOpMYJIBbI K TIpeaBapeHHoit popme (T.e. B mo-
CTPOEHUU TpeaBapeHHoil (GpopMyJIbl, PaBHOCUJILHON HAHHONW) HE 00s-
3aTeJIbHO CJIeOOBATh JIOKa3aTeJbCTBY TeopeMbl (. Hampmmep, MOXKHO
He 130aBJIsITHCA OT CHUMBOJIOB D H &, a KUCIIOJIb30BaTh PABHOCUIHBHOCTU

(Ve AD B)~3dz (A D B);
(dx A D B) ~Vz (A D B);
(BDOVz A) ~Vx (BD A)
(BD>3dx A) ~3Jx (BD A)

Y

(BCIomy TIepeMeHHasl T He sABJISeTCsS CBOOOMHON B [3) 1 paBHOCUJIBHOCTH
1.a) u 1.6) u3 Teopemn 2.

[Ipumep. Ilpusenem dpopmysty
Vo P(z) & Jy Q(y) D 3z R(y, 2)
K IpeaBapeHHoil hopMe:

Vo P(x) & Iy Qy) ~ Vo Ty (P(x) & Q(y));
Vo Jy (P(r) & Q(y)) D 3z R(y, z) ~
~Vx Ju (P(z) & Q(u)) D 3z R(y, z) ~
~ dx Vu 3z (P(x) & Q(u) D R(y, 2)).

Taxum 0dpaszomM,

Ve P(x) & Jy Q(y) D 3z R(y,z) ~ Jz Vu Iz (P(x) & Q(u) D R(y, z2)).

§ 12. McTHHHOCTHh B KOHEUYHBIX MHTEPIIPEeTAIIuAX

IIycts kK — moJsioxuTes bHOEe HaTypaJbHOe uncygao. Popmysaa A Ha-
3BIBaCTCsA k-obwesnavumoti, ecim A MCTUHHA BO BCEX MHTEPIPETAIINIX
c HOCHTeJIeM U3 k »JIeMeHTOB IIpu Jito0oit onmernke. Popmysia HA3HLIBAET-
cA KOHEeWHO-00U,e3Ha4UMOT, €CJIU OHA MCTUHHA BO BCEX MHTEPIIPETAIINIX
C KOHEYHBIM HOCHUTEeJIEM IIpHu Jio0oii onenke. Q4eBUIHO, YTO JIH0OasA 00-
me3HadnMasi (popmyJia siBjisiercsa k-o0Iie3HadanmMoii a1st jibdboro k, T.e.
KOHEYHO-00IIe3HAYNMOI.
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[Mpumep. @opmynadr P(x) D Vr P(x) asaserca 1-o0mme3naqnmoi,
HO HE OOLIEe3HAYUMOI.

Teopewma 8. g kaxkmgoro k > 1 cymecrByer

a) ¢popmyJia Fy, ucTUHHAST B TOYHOCTH BO BCEX HHTEPIIPETAIIUSIX C HE
boJiee deMm k-3/71€eMEeHTHBIM HOCHTEJIEM,

6) ¢popmysia Gy, HCTHHHAS B TOYHOCTH BO BCEX HHTEPIIPETAIHSIX C HE
MeHee dyeM k-2/1eMeHTHBIM HOCHTEJIEM;

B) ¢popmysia Ey,, uCTHHHAS B TOYHOCTH BO BCEX HHTEPIIPETAIUIX C k-
9JIEMEHTHBIM HOCHTE.JIEM.

HoxazateabcTBo. a) [lomoxum
Frp =3z, dzo ..., Vy (y=21 Vy =22 V...Vy =2a).
6) Ilostoxkum
Gr=3xy ...3x, (Cx1 =22 &y =23 & ... & T = x3)

(B 6eckBaHTOPHYIO YacTh Gy, BXOOAT DOPMYJIIBI —Z; = T Ipu ¢ < j).
B) [losoxkum By = Fj, & G-
Teopema 8 nokaszaHa.

Teopema 9. CymecrByer KOHEUHO-00IIIe3HATUMAsI, HO HE ODIIIe3HA-
yuaMasi (pOPMYy.JIa.

HoxasarenbcTBo. TakoBa popmyJia

—(Vz Yy Vz (P(x,y) & P(y,z) D P(z,2))&
&Vr -P(x,x) & Vx Jy P(z,y)).

ITeiicTBuTEe/ILHO, OHA He OOMIE3HAYMMA, TAaK KaK JIOXKHA B CJICAYIO-
meil MHTeprIpeTanun: HOCUTEJbh — MHOXKECTBO HATYPAJIbHBIX YUCEJI;
P(z,y) = ! Torma n TOIBKO TOTHA, KOTIA T < 4.

HoxkazkeMm, 4910 3Ta (POopMyJia KOHedHO-oOme3Ha4duma. Ilycts I —
KaKas-HuOyIb HHTEIIPpeTallls C KOHeYHBIM HocuTesieM M, B KOTOPOIi pac-
cMarpuBaeMasi (POPMYJIa JIOXKHA, T. €. HCTUHHA, (DOPMYJIa

Ve Yy Vz (P(z,y) & P(y,z) D P(x,2))&
&Vr ~P(x,z) &Vr dy P(x,y).

Torma npenukar P(x,y) onpemnesiger CTporoe 4acTUIHOE YIOPAI0Ie-
uue Ha M B ciaenyiomem cmbice. st a, b € M nosoxum a < b, econ
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P(a,b) = . Tak xak [ = Vz Yy Vz (P(x,y) & P(y,z) D P(z,=z)),
OTHOITeHNe < TPAH3UTHUBHO, U TakK Kak [ = Vr —P(x,x), oTHOmeHnE <
nppedaekcusao. Ho j1060e KoHeUYHOe Y4aCTUYHO YIOPSIOYeHHOe MHO-
’KECTBO MMEEeT MaKCUMAaJILHBII SJIEMEHT, T. €. TAKOil 9JIEMeHT a, YTO IJIsT
Bcex b € M wmeBepHO, 4TO a < b. Iloaydyaem mpormBOpeume, Tak Kak
I =V dy P(x,y).

Teopema 9 mokaszana.

YuopaxXHeHU 4.
1. oxazare, aro dpopmyia

dx Yy (P(z,y) D (=P(y,z) D (P(z,z) = P(y,y))))

3-o0mie3HaInMa.

2. Jlokaszars, 94TO cjenyiomme GpopMyJIbl KOHEUYHO-00IIe3HAYNMbI, HO
He O0IMe3HAYNMBL:

a) dx Vy 3z ((P(y,2) D P(z,2)) D (P(z,z) O Py, x)));

6) Ve Vy Vz (P(x,2)& (P(x,2) D (P(x,y)VP(y,2z))) Dy Vz Py, 2).

3. IHokazarb, ato dopmysa curaarypel {Pi,..., Py}, toe Pp,...

., P, — omHOMecTHBIE IMpeaUKaTHbIE CUMBOJIbI, OOIIE3HAYUNMA, TOLIA
1 TOJBKO TOTHA, KOTJd OHA MCTUHHA BO BCEX HHTEPIpPETAIUsX ¢ 2™-
3JIEMEHTHBIM HOCUTEJIEM.

4. Jlna xaxaoro HarypaJibHOro yncjaa k > 1 moctpouThb (popmy-
JIy B CUTHATYPE U3 OJHOMECTHBIX MPEIUKATHBIX CHUMBOJIOB, HE COIED-
JKAIIYI0 3HAaKa =, KOTOpasd 1-00me3HadnMa Ipu Bcex ¢ < k, Ho He k-
001Ie3HaYNMA.

5 13. UzomopdusmMbl 1 3jieMeHTapHasd 9KBUBAJIEHTHOCTH

[Tycts 2 = (Cnst, Fn, Pr) — nekoropasa curuarypa, I, [, — nBe ee
nHrepnperanuu. Obosnauum Hocuresb I; uepes M, Hocuresab [y —
gepe3 M. VHTepnperanum KOHCTAHTHI ¢, PYHKIINOHAJIHLHOTO CHMBOJIA

f un npenukarsoro cumsoJia, P B [; 0003HaUYMM COOTBETCTBEHHO C, f, P,
a B Iy — COOTBETCTBEHHO C, f, P

[Tycts ¢ — mekoropas dyuknusa u3z M; B Ms. Bwmecto ¢(m) s
KPATKOCTHU OyIeM THCaTh ©m. byaeM roBOpuTh, UTO ¢ COLPaHAEM KOH-
CIAHMY €, €CTT PC = C; (O COTPAHALT, PYHKYUOHAALHOIT cum0a [, econ
ISl BCEX A1, . . . , Gp € M1 BbIIOSHEHO O f (a1, .. an)=f(pa1, ..., pa,);
© coxparaem npedukamuwvili cumeon P, eciin njid Bcex aq,... ,a, € My

~

BoIOSTHEHO P(ay, ... ,a,) = P(pay,... ,pay,). OyHKINSA © HA3BIBAETCS
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usomopgpusmom u3 I B Iz, ecm 1) o — Onexmsi, T. €. B3ANMHO OITHO-
3HAYHOE COOTBETCTBHE Mexk Iy MHOxecTtBamu M; u Ms; 2) ¢ coxpans-
eT BCe KOHCTAHTHI, BCE IIPEIUKATHBIE CUMBOJIBI I BCE (DYHKIIMOHAJILHBIE
CUMBOJIbI cUrHATYPhI ). MuTepnperanusa [; uzomopdra naTepapeTanu
I, ecmm cymecTByeT uszomopdusm u3 I B I,. l3oMmopdHOCTL MHTED-
nperanuii [; u I, 6ymem obosnauars [ ~ Is.

HerpynHo Bumerb, UTO IPUBEIEHHOE IIOHATHE U30MOP(U3Ma sIBJISI-
eTcss 0DOOIIEHMEM HCIIOJIB3YEeMOr0 B ajredpe MOHATHUA M30MOopdusMa
I'PYIIN, KOJIEIl, MOJIel U JApyrux ajredpamdecKux CTPYKTYP, KOTOPBIE
MOKHO PACCMATPHUBATh KAK MHTEPIPETAUHN TOAXOISIIINX CUTHATYP.

IIpumep 1. Ilycrs curHarypa COCTOUT U3 JABYMECTHOrO (DYHKIINO-
HaJILHOTO cuMBoJIa f. Onpemesnium uHTepupetanuu [; u Is caenyommuMm
obpasom. Hocurenb unrepnperanum [{ — MHOXKECTBO YeTHBIX IIEJIBIX
gucest; f(z,y) = = + y. Hocurens maTepnperammu I — MHOXKECTBO

eJIbIX 9ncesl, gesiamunxcs 0e3 ocrarka Ha 3; f(x,y) = ¢ + y. OyHKINA

p(x) = %x — uzomopdusm u3 I; B Is.

I[Ipumep 2. Ilyctb curmarypa COCTOUT U3 KOHCTAHTHI @, 1By MECTHO-
ro PYHKIIMOHAJILHOTO CUMBOJIA, f 1 ABYMECTHOI'O MPEINKATHOIO CUMBO-
na P. Hocutenb nuatepnpetanuu [, — MHOXKECTBO HATYPAJIbHBIX YHCEJI;
a=0; f(z,y) =z +vy; P(z,y) = U & z < y. Hocuresb uHTEpIpeTALINT

I — MHOXKeCcTBO BCcex HaTypaJibHbIX 4uces Bumga 2", roe n € N; a = 1;

~

flz,y) =x-y; Plz,y) = U &z <y. Oyaxuua p(z) = 27 — u3oMop-
busmuz I} B I, Tak kKak 2°7Y =27 .24 0 = 1nzx <y & 2% < 29,

Teopema 10. s moboii narepuperanun I Bemmosneno I ~ 1.
Econ Il ~ IQ, TO 12 ~ Il. Ecom Il ~ IQ " IQ ~ Ig, TO Il ~ Ig.

HoxaszarenbcTBO. ToXIecTBeHHAasT (PYHKIUS sABJISIETCS U30MOP-
dusmom u3 I B I Ilycrs pyaknua ¢, saBageTca n3oMopdu3MoMm u3 g
B [». Torma ¢ L apasiercs m3omopdusmom u3 I, B I;. Ilyctb oo —
nzomopdpusm us I, B I3. Torma ¢ o o — m3omopdusm usz I; B I3.
Teopema 10 mokazana.

[Tpumep 2 (mpomoskenue). Pyukius log, x aBsercsa nzomMopdus-
moM m3 Iy B [y. [eifictButenpro, log, 1 = 0, log, coxpanser f, Tak
kak log,(x -y) = logy,x + log,y, n coxpanser P, Tak kKak ¢ < Yy &
& log, ¢ < log, v.

['oBopsT, yro muTepuperauun [, u I, ogHOIT M TOI XKe curHarypsl {)
INEMEHMAPHO IKBUBAAEHMHDL, €CJIN IIJIsI JII000I 3aMKHYTOI (POPMY.JIbI
A curnarypet ) Bemosnseno I; = A& I = A DnemenTtapHyo 5KBU-
BaJIECHTHOCTDH [ u I5 Oynem oboznavuarh [; = I,. O4eBUOHO, YTO HHTEP-
nperauyu 1 u [ He ABJISIOTCS 3JI€MEHTAPHO PKBUBAJIEHTHBIMU TOLIIA



48 I'a. 2. A3wixu nepsozo nopadka

1 TOJIBKO TOTa, KOraa Halinercs 3aMkHyTas dopmyaa A, ns KoTopoii

]1 |: “47 12 |: - A.

Teopema 11. Eciu marepnperanun 11 u 1o curaarypsr §) uzomMopg-

HbBI, TO OHH 3JeMeHTapHO 3KBHUBaJICHTHbI. DoJjiee Toro, ecjm ¢ — H30-
mopgpusm u3z Iy B I, a A(xy, ... ,x,) — Ppopmysza co cBOOOZHBIME HEPE-
MEHHBIMH L1, ... , Ly HG1, ... ,Qy — IPOU3BOJIbHBIC 3J7IEMEHTHI HOCUTEJIS

L, 0o FAlay,...,a,) & L E A(ﬂl’”‘ ’ﬂn)'

IHokasareanctso. Ilycts My u Mo — cOOTBETCTBEHHO HOCUTEJIA
narepuperauuit 1 u Ir, u ¢ : My — Ms — uzomopdusm us I; B Is.
Ob6osnauum depes Q! u 2 curHarypbl, NOJIyYeHHbIE U3 CUTHATYPHI )
nobaBJIeHEM MMEH SJIEMEHTOB COOTBeTCTBeHHO u3 My u M.

,Z[ﬂﬂ mmo6oro Tepma t u popmyisl A curaarypst Q' o6o3nadnM gepes
tu A pesyabrars samennt B ¢ u A nis smoboro m € My ero uvenu m Ha
pm — uMs sj1eMenTa om € M. 3nadenue repma t B uHTEpUpeTanuu I

Oymem obosnadarh 4depes |t} a B [o — qepes |t]°

JJemma 1. [Inaoboro 3amkHyTOro Tepma t curnarypsl 2 BbIIoI-
wero |t|' = [t

HokaszareabcTBOo. UHAYKINA IO TOCTPOSHUIO T.

1) IIyctb t = ¢, roe ¢ — koHcranta u3 ). Torma t = ¢, |t|' = C,
t]? = €, € = ¢, TaK KaK ¢ COXpaHAeT KOHCTAHTHI 13 ).

2) Ilyctb t = m, tme m € M,. Torma t = em, [t =m, t]? = om,

e plt]' = i

3) Hycre ¢ = f(t1,... ,tn), npuiem oltil* = |t (G = 1,...,n).
Torma t = f(t1,... ,tn), |t|1 = f(|t1]}, ..., |tn|'). Tak xKax ¢ coxpansger
f, To

Pt = f (Il [tal') = Floltal's - s ltal’) =

= FUB P, [l = 102
JlemMa nmokasama.

JJemma 2. Iia soboii samxnyToli popmyst A curaarypsi )1 BbI-
mosmero T EF A& L E A

IHokazaTteanbcTBOo. B cuay TeopeMbl 6 1OCTATOYHO JOKA3aTh JIEM-
My niisg popmya A, He conepxkamux &, D, =, V. [IpuMeHrM UHIYKITAIO
1O KOJIMYECTBY CHMBOJIOB 3, -,V B hopmyite A.

a) llycto A = P(tq,... ,tn). Torma A = P(ty,...,tn). I E A&
& P(|t|L, ..., |te]t)=H. Tax xak ¢ coxpanger P, to P(|t}],. .., |[tu|})=
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:f’(cp|t1|1,... Coltn]'). Mo memme 1 o|t;|* = |t;|2 Tostomy I = A
s P(LP,.. ) =UelLEA
6) Ilycto A = ¢; = t5. Torma A =1, = ty. LEAs ' = et &
soltil' =l P =P ebEFh=tebEA
B) Ilycte A = B, npugem Iy |— Be I, = B. Torﬂa A = -B.
LEAeLEBeLEBasLEA
r) Oycrs A = (B V (), npuuem Il = BelLEBulhb ECe
& 1 |—C Torna A = (B V(). nhEFAeli EBuwml ()&
=X |—BI/LHI/I I, = )<(:>I2 = (B\/C) shLEA
n) Ilycts A = 3z B(x), npudem ms J1r0060ik 3aMKHyT01‘/’I bopMYyJIbI

una B(t) umeer mecto 1 = B(t) & I, = l§(t\) Torma A = 3z B(z).
L F Ae L E B(m) nna wekoroporo m € My < I, = B(m) nna

Hekoroporo m € M. Jlerko Bumerb, uro B(m) = [3\(@) [TosTomy

L EBm) &I, = (cpm) Tak kak (p — Oweknus, TO M npobera-
er BCe MHOXKeCTBO My, xKorma m npoberaer M;. IlosTomy MBI MMeeM
L EA&sL E (gom) 1717 HEKOTOPOro m € M, & I, E B(n) o=

HeKOTOporo n € My & I = dx B( ) LEA
JlemmMma nmoxkasana.

[IpuMeHuM JjieMMy 2 K IPOU3BOJIbHOI 3aMKHYTOII dpopmysie A cur-
Harypel ). Takx kak B 3TOoM ciay4dae A coBmamaer ¢ A, Mbl umeem

L E A& L E A B cuny npoussosibHOCTH BBIOOpa A 3TO 03HAMUA-
eT, 910 [1 = I>.

IIycrs Teneps A(xq,...,x,) — npousBosibHas GOPMYJIa CO CBOOOI-
HBIMU IE€PEMEHHBIMA L1, ... ,Lpn, U A1,. .. ,d, — IPOU3BOJIbHBIE 3JIEMEH-
ol u3 M. [onoxum B = A(ay,...,a,). Torma B = Alpay, ..., pan).
o nemme 2 myeem Iy = Be L E B, e I E Alai, ..., an) &
& I = A(pai, ... ,9a,), 9TO COCTaB/IAET BTOPYIO YaCTh YTBEPXK ICHUA

Teopembl. Teopema 11 moxaszana.

[IepedpopmyiupoBaB Teopemy 11, mosiydum: He 3J1eMEHTApPHO DKBU-
BaJICHTHbIE MHTepIpeTalnnu Hen3oMopdHbl. B TakoMm Buge teopema 11
OOBIYHO MCIOJIb3YETCsI IPU I0Ka3aTeIbCTBE HEM30MOP(HOCTH.

[Ipumep 3. O6osnauum 4depes (N, <) yHmopsmodyeHHOE MHOXKECTBO
HATypaJIbHBIX YncesI, a depes (Z, <) — yHopsaa0YeHHOe MHOXKECTBO IIe-
Jsibix uncesi. ['oBops opmasibho, (N, <) u (Z, <) — WHTepIpeTaliu CHUr-
HaTyphl {<} (T.e. curaarypsl 2 = (Cnst, Fn, Pr), rme Cnst = Fn = &,
Pr = {<}) c mocurensmu coorBercrBenno N u Z u CTaHIAPTHOW MHTED-
nperanueii cuMmBosia <, a mmMeHHo, <(xz,y) = U & = < y. Usomopdnbl
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mm (N, <) u (Z,<)? Pasymeercs, Her. Bemp B (N, <) ecrb HanMmeHbIHIi
9JIeMeHT, a B (Z, <) ero Hetr. HbIMU cji0Bamu,

N, <) FdzVy (z <yVaz=y);
(Z,<)E-dxVy (zx <yVz=y).

Takum obpaszom, mbl mgokazasu, 9rto (N, <) u (Z, <) He sjeMeHTapHo
5KBUBAJIEHTHBI, & U3 DTOTO yKe BBIBEJIN UX HEM30MOP(MHOCTD.

CynmecTBYIOT Jin HEM30MOP(HBIE MHTEPIPETANNH, HEn30MOP(HOCTH
KOTOPBIX HEJIb3s JI0Ka3aTh C IIOMOIIbI0 TeopeMbl 117 HbIMU ciioBaMu,
CYIIECTBYIOT JII HEM30MOP@HLIE 3JIEMEHTAPHO SKBUBAJIEHTHBLIE MHTEP-
nperanun’! (OKas3bIlBaeTCs, CYIIECTBYIOT. bes mokasarejbCTBa PacCMO-
TPUM CJICAYIONINI IpuMep.

[Ipumep 4. Obosnaunm 4epes (Q,<) m (R, <) ymopsmodenubie
MHOKECTBa COOTBETCTBEHHO PAIMOHAJILHBIX U OEHCTBATEAbHBIX 9ACEJI.
Paccmorpum ux kak waTepnpetanuu curaarypsl {<}. Torma (Q, <) 2
* (R, <), mockoabky Q u R mepaBuomoinabl. C MOMOIIbIO TAK HA3HIBA-
eMOHl IAUMUHGYUY K8GHMOPO8 MOXKHO moKasarh, 4ro ((Q, <) =2 (R, <).

YupaxHeHUnd.

1. Iokasarb, uyro marepnperammn (R, +, <) u (RT,-, <), rme RT —
MHOXKECTBO HOJIOKUTEJILHBIX IefiCTBUTEIILHBIX YNCEJI, H30MOPQHEI.

2. llokasarb, 9TO CJIeOyOIIe NHTEPIPETAINN He sIBJISTFOTCS DJIEMEH-
TAPHO SKBUBAJICHTHBIMMU:
(Q <) u(Z,<);
(Z,+) u (Q +);
(@7 +, ) 1 (Ra ™5 ');
(R,+,<) u (C,+,-);

n) (N, +) u (Z,+).

3. Hoxaszarn, uto (R, +) ~ (R?, +), re cioxenue nap neiicTBUTE b-
HBIX IKCEJI IPOU3BOOUTCSA TOKOMIIOHEHTHO.

5 14. BripasumMmocTth. JloKa3zaTegbCTBO HEBLIPA3HMOCTH
C IIOMONIIbI0 aBTOMOP(PU3MOB

IIycts A(zy,...,x,) — dopmysaa curHarypsl {2 co CBOOOTHBIMY TIe-
pPEMEeHHBIMU X1, ... , Ty, I — UHTEepupeTanud CUrHATYPhI () ¢ HOCUTEeIeM
M, a R ectb n-mecrtHblil npenukar Ha M. l'oBopsit, uro dopmysa A
svipadcaem npennkar R B uaTepnperannu I, ecom R(aq,... ,a,) = U &
& 1 E Alay, ... ,a,) s Bcex aq, ... ,a, € M.
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[Ipenukar R Ha30BEeM 6uipa3umvim 6 unmepnpemavuu I, ecam cymie-
CTByeT popMYyJia, €er0 BhIPAXKAIOMIAS.

[Ipumep 1. BosbMeMm cTaHIapTHYIO MHTEPHPETAINIO sI3BIKA (POp-
maJsibHOM apudmeruru (N, +,-,5,0). @opmysia Jy ¢ = y + y BeIpakaer
npennkar «xr detHo». Popmyna dz x 4+ 2z = y BbIpaxkaeT IPeIuKaT
r <y. Qopmyssl £ +x = x 1 x = 0 BeIpaxKalT OOUH U TOT XK€ IIPeau-
kKar £ = (0. MoxXHO Jin BBIpa3suTh B 9TOU MHTEpPHPETAIINN IBYMECTHBIM
npenukar y = 277 OKas3bIBaeTCsA, MOXKHO, XOTA JOTQIATHCS, KAK DTO
cIesiaTh, TOBOJIBHO TPYIHO.

[Ipumep 2. Bosemewm mutepmperaruio (Z, <). Popmysa
r<y&-Jz (r<z&2z<y)

BbIpazkaer npegukar y = £+ 1. Moxuo jin B (7, <) BbIpA3uTh MPEIUKAT
2z = x + y? YUyTb moskKe Mbl JOKaXKeM, YTO HeJIb3dA. ITOMY IIPHUMEPY
MOXKHO TPUOATL CJaeayiomuii cMbIcj. IlycTh HEKTO 3HaET, 4YTO TaKoe
IeJIble YMCJIa U 9TO TakKoe T < Y OJIs IEeJIbIX T 1 Y, HO He 3HaeT HUKAKNX
IPYTUX OTHOIEHUNR 1 pyaknuit Ha Z. Torna Ha A3bIKe IIEPBOTO IOPAIKA,
eMy MOXKHO OOBbSACHHUTDH, YTO TaKOe y = & + 1, HO HeJIb3A O0BbsICHUTH, YTO
TaKoe 2 = & + V.

IIycts B onpenesienun nzoMmopdusma narepnperanuu [; u I, coBmna-
naioT; usoMopdusMmbl u3 I B I HA3BIBAIOTCA aA8MOMOPHUIMAMU THTED-
npeTtanun 1.

Onpenesienne aBTOMOP(MU3MA, 0 OYEBUIHO TPUHUMAET TAKOI BUI:

1) ¢¢ = € njist BceX KOHCTAHT C;

2) of(ai,...,a,) = flpai,...,pa,) g seex f € Fn;

3) P(ai,...,an) = P(pay,...,pa,) nas Bcex P € Pr.

[Tpumep 3. s Bcex k € Z orobpaxkenne ¢y (x) = x + k sBJIsgercs
aBToMopdusmom mwHTeprperanun (Z, <). HeiicrBuresnbho, @ — Onek-
HAsT, U (0 COXpaHsaeT <, TaK KakK ¢ < Yy & ¢ + k < y + k. B kadecTBe
yIpaXKHEHUsI [IPEeIJaraeTcs J0Ka3aTh, YTO IPYIUX aBTOMOPGU3IMOB ITa
wHTEepIperanus He umeer. Hampumep, orobpaxkenue p(r) = 2r XOTb
1 COXpaHsieT <, HO aBTOMOP(U3MOM HE sIBJISETCSA, TAK KaK OHO He Ou-
CKTUBHO.

Teopema 12. MHoXkecTBO Bcex aBTOMOPGU3MOB (DHKCHPOBAHHOIN
nHTepuperanuu I obpasyer rpynmny OTHOCHTEIbHO OINEPAIHMHA KOMIIO3H-
M.

DTa TeopeMa MOKa3bIBAETCA aHAJIOTMYIHO Teopeme 10.

IIycts R ecTtb n-MecTHBIII mpegnkar Ha HEKOTOPOM MHOxKecTBe M,
a @ — yuknus u3 M B M. byaem roBoputh, 94T0 ¢ corparsem R, ecim
IJIst BCEX A1, . .. ,ap € M Bhmosaeno R(ag, ... ,a,) = R(pay, ..., pay).
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[Ipumep 3 (mpomomkenue). Bce aBroMopd UMbl WHTEpPIIPETAIINN
(Z, <) coxpaHAIOT ABYMECTHBIH mpenukat |¢ — y| = 2. elicTBUuTennHO,
000t aBromopdusm (Z, <) umeet Bun pi(z) =z + k,un |z —y|l =2 &
Sl(x+k)—(y+ k)| =2

Teopema 13. Ilycrb ¢ — aBromopcusm unrepuperanuu I. Torna
Y COXpaHAET BCe BbIpa3uMble B I NpeauKarhl.

HokasareabcTBo. Ilycrs npegukar R(xq,... ,%,) BbIpasum B 1.
Torna nJist Hekoropoit popmysast A(x1,... ,Z,) BBIIOJIHEHO

R(ai,...,ap) =U &1 FE Aay,. .. ,a,).
Ilo Teopeme 11 gyis Bcex aq, ... ,a, U3 HOCUTEJA | BHLIITOJIHEHO
I=Alay,-..,a,) & 1F Alpas, ..., 0a,).
V3 3Tux OByX yTBEPXKICHUN MMOTyIaeM
R(ay,...,a,) =N R(pay,... ,pa,) = U,

yTO U TpedoBasiochk. Teopema 13 mokaszaHa.

Teopewma 14. Ilpequkar z = x + Yy HEBBIpa3UM B HHTEPIIPETa-
mun (7, <).

HoxaszareabcTBOo. Bosbmem aBromopdusm p(z) = z + 1 unrep-
mperarun (7, <). OyHKIM © He COXpaHsIeT IPeInKaT 2 = T+, TaK Kak
0 =040, Ho ©(0) # ¢(0)+(0), Beos ©(0) = 1. Teneps BoOCHOJIBb3YEMCsI
TeopeMmoit 13. Teopema 14 mokasaHa.

[Ipumep 4. MoxHO 11, NCIIOJIB3YsI TOJILKO NOHATHE «TOUYKHU T, Y, 2
JIexKaT Ha OOHOI mpsiMoit», Ha A3bIKe IIEePBOT0 MOPAIKA OObACHUTH, YTO
TaKoe NePIEeHINKYJISIPHOCTD IPAMBIX! ChHopMyIupyeM TOUHEEe BOIPOC.
[Iycrs (R%T) obo3HadaeT MHTEPNpPETAUIO CHUCHATYPBI C OQHUM TPex-
MECTHBIM IPEINKATHBIM CUMBOJIOM 1, HOCUTEJIb KOTOPOli — MHOXECTBO
To4eK miockoctd, a 1(x,y, z) = U1 Torga u TOJIBKO TOTIA, KOTIA TOYKH
T,y, 7 JeKaT Ha ogHOi npamoii. Beipasim s B (R?, 1) yeTblpexmect-
"Bl mpenukar R(x,y, z,u), onpenenennsiii Tak: R(x,y, z,u) = 1 Torma
1 TOJIbKO TOTHA, KOIIA & 7 Y, Z 7 U 1 NPsiMasi, TPOXOAsIIasd 9epes & 1 i,
IePIeHINKY/IAPHA IPsIMOii, mpoxoasimeil uepes z u u?! OTBer: He BbI-
pa3uM, Tak Kak Jiroboe adpduHHOEe IpeodPa30BaAHUE sIBJIAETCA aBTOMOD-
busmom (R%,T'), a cpenu HUX eCTh TPeoOPA30BAHNA, HE COXPAHAIONIIE
YLJIBL.
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YupaxXHeHUH.

1. okazarb, 4To rpyimna aBroMopdu3MoB unrepuperamuu (Z, <)
130MOP@HA, TPYIIIIE IEJIbIX YKCEJI 110 CJIOXKEHUIO.

2. KakoBa rpynmna aBromopdusmon naTepnpetamnun (Q, +)7

3. Jlokasarp BHIPA3SUMOCTD UJIM HEBBIPA3ZUMOCTH JAHHOIO OTHONICHU S
B JIAHHON MHTEPIPEeTAIUN:

a) x <y B (ZL,+); K) t =178 (Nyy =z + 1);

6) z=08B (Z,z =y +1); m =178 (N,y : z);
B)x=y+ 18 (Z,|lx—y|=1); M) «X — TIPOCTOE UHUCJIO»
re=y+18(Z,z=1y+2); B (N, z:y);
n)y=x+178 (Ny =2+ 1); n)z=z-yb (R +,y=2%);
e)y=z+ 18 (N, <); o)*z=x-y B (N, +,

x) |t —y| =178 (R, |z=y|=1); «T — TIOJTHBII KBAAPAT»);
3)z =18 (N,z :y); m) x =0 (mod 3) B (Z,+);

n) |z —yl= 3 8 (C lo—y|=1); p) z=1 (mod 3) B (Z,+).



'’ TABA 3
IDJIEMEHTDLI TEOPUN JTOKASATEJIBCTB

§ 1. AkcmoMaTUdeCKUHU MeTOoL,

Axcuomamuneckuti mMemod TOCTPOEHNSA HAYYHOII Teopuy 3aKJIi0va-
eTCsA B TOM, 4YTO HEKOTOPbIE UCXOOHbIE OJIOXKEHNUS, HA3BIBAEMbBIE GKCUO-
MOMU WIA NOCMYAGMOMU, TIPUHIMAIOTCA «0e3 JoKa3aTeIbCTBa», a BCe
YTBEPKACHUA DTO T€OPUN BBIBOIATCA M3 HUX IIYTEM PACCYKIEHUIA.

AxcrnoMaruvyeckunii MeTOI B MaTeMaTHKE BIIEPBbIE ObLI MCIIOJIH30BAH
EBkmnom B Il Beke mo H.». B ero kaure «Hauajia» mpu msioxe-
HUU OCHOB DJIEMEHTAPHON reOMeTpUIl, TEOPUH YUCeJI, aJIre0pbl U IPYIUX
pasnesioB aHTu4HOIt MmaremaTuku. «Hadasia» EBkjnpa cocraBjieHBbI 1O
OIIpeNleJIEHHON cxeMe, CJIOKUBIIEHcs emre 10 EBkKinma B apeBHerpede-
CKOIl HayKe: CcHadaJ1a IPUBOAATCS OIpedesieHnd U IOCTYyJIaThl, a 3aTeM
dopMyIIPOBKHU TEOPEM U UX TOKA3aTE/ILCTBA.

Hekotoprie onpenesienusi B «Hadamaxy EBkanma — mpocTo onuca-
HIA UCXOOHBIX NMoHsATuit. Hampumep: «Touka ecth TO, 94TO HEe HMMeeT
qacTeily, «JImaus ke — pimnaa 6e3 mmpuHbly», «IIpavaa JuaNA ecTh
Ta, KOTOpasli paBHO PACIOJIOKEHa 110 OTHONIEHWIO K TOYKAM Ha Heil».
fcHo, 9TO Takme «OmpeneeHuA» BPAL JIM MOTYT OBITh MCIIOJIb30BAHBI
B MaTeMaTUYeCKuX moKas3aresbcTBax. OoHAKO HAPANY C HUMU NMEIOTCS
oIpene/IeHNnsI, ABJISIONeCs] TAKOBLIMU U B COBPEMEHHOM CMBICJIE: OHH
«Ha3bIBaOT» noHaTud. Hampumep: «llapasnensubie cyTh IpaMbie, KO-
TOpBIE, HAXOOACH B OTHON MJIOCKOCTH U OyAyYN HEOTPAHUICHHO ITPOIO0JI-
)KeHbl B 00e CTOpPOHBI, HU C TOW, HA C OPYroii CTOPOHBEI MeXOy CODOI
He BCTPEYAIOTCA».

Bcnen 3a onmpenesieHusIMHA UAOYT IIOCTYJIAThI, B KOTOPHIX YTBEPKIACT-
CsI BO3MOXKHOCTD BBITIOJTHEHUA DJIEMEHTAPHBIX IIOCTPOEHUIA:

I. Tpebyercs, 9T0ObI OT KaxKO0i TOYKU KO BCAKON APYTroil TOYKe
MO2KHO OBL/IO IIPOBECTH MPAMYIO JIMHUIO.

II. W 9ro0BI KaxKOyI0 OrPAHUYEHHYIO IPAMYI MOXKHO OBLIO HEIpe-
PBIBHO IPOOOJIZKUTD II0 IIPSMOIA.

III. I uT00OBI U3 BCAKOTO IEHTPA WM BCAKUM PAINYCOM MOXKHO OBLIO
OIINCATHb KPYT.

IV. 1 uT0o0BI Bce mpsiMble YTJIbI ObLIM PABHBI MEXKTY COOOIi.
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V. MW uTobbl Bcakuii pa3, KOrga npsaMasd, IaJai0masa Ha IBe IpAMbIe,
obpa3zyeT ¢ HUMHU BHYTPEHHHE OJHOCTOPOHHHE VIJIbI, CYMMAa KOTOPBLIX
MEHbIIIe IBYX IPAMBIX, TO 9THU IIPAMbBIE IEPECEeKaI0TCA C TOW CTOPOHEI,
I'Ie 9Ta CYMMa MEHbIIe IBYX IPAIMbIX.

3a nocryaaramu B «Hauanax» EBKjmnma npuBOmsTCs aKCUOMBI —
IpenJsoKeHns O CBOICTBaX OTHOIIEHUIT paBeHCTBA U HepaBeHCTBa. BotT
IpuUMepbl aKCuoM: «PaBHBIE IIOPO3HL TPETHEMY PaBHBLI MEXKIY COOOI»,
«W ecu K paBHBIM IpHUOABATL PAaBHBIE, TO IMOJIYINM paBHBIE», «I 1es10€e
OOJIBIIIE YACTH».

Ha ocHoBe ompenesiennii, mocTyJIaToB U aKCHUOM IyTEM IOKA3aTeJIhb-
CTBA BBIBOIATCSA HOBBIE TeOMETPUIECKIE YTIBEPXKIECHUSI — TEOPEMBI.

[IlocKOIBKY Mpennosarajoch, 9YTO FeOMETPUs €CTh ONUCAHNE PeaJib-
HOI'O (PUBUIECKOr0 IPOCTPAHCTBA, BIIOJIHE €CTECTBEHHO, 1T0 EBK 111 110-
J1araJl 3HaueHne TAaKUX MOHSATHI, KaK «TOUKa», «IPAMAA», JOCTATOTHO
SICHBIM, & OTHOCAINECd K HUM IOCTYJIAThl M aKCHUOMBI CUMTAJI «CaMO-
OYEBUIHLIMI NCTUHAMEI».

B maspneiimeM COBepIIeHCTBOBAHIE aKCHOMATMYIECKOIO M3JI0KEHUS
reoOMeTPHUHU MIJI0O B OCHOBHOM IIO IIYTU BBISABJIEHHA YTBEPKICHUIA, KOTO-
pble UCIIOJIb30BaJINCh EBKIMOOM B TOKa3aTeIbCTBAX, HO He ObLIN CPOp-
MYJIIPOBAHBI UM ABHO B BuIe akcmoMm. lloHoCTbIO 9Ta padora ObLIA
sapepiieHa jinib B XIX Beke Ilamem u I'mapbepTomMm.

BMmecte ¢ Tem, MHOrO ycusnii ObLJIO IIOTPAYEHO HA MOIBITKUA UCKJIIO-
YNTh W3 YHNCJIa OCHOBHBIX IomnyimeHuit V mocrtyiaar EBkiamma, KOTo-
DBII Ka3aJICsI CJANIMIKOM CJIOZKHBIM, IYTOOBI €r0 MOXKHO OBbL/IO IIPUYUCINTH
K “CaMOOYEeBUOHLIM HUCTUHAM . XOTs BCe IONBITKUA J0Ka3aThb V IIOCTY-
JIaT HA OCHOBE OTOEJIbHBIX aKCHUOM OKAa3aJINCh HEYIAYHBIMU, OHI BCE XKe
IPUBEJIN K HEKOTOPBIM MOJIOKUTEILHBIM pe3yjbTaraM. A nMeHHO, OJia-
rogapst UM OBLTT OOHAPYKEH PsIO T€OMETPUYIECCKIUX YTBEPKICHUNA, SKBU-
BaJIEHTHBLIX V IIOCTYyJIaTy, B YaCTHOCTH, cJenyiomiee: «Yepes KazKIyio
TOYKY, He JICXKAINYIO Ha IPAMOIi [, IPOXOOUT B TOYHOCTHI OIHA IPsIMAasl,
napaJijiesibHast [».

K magany XIX Beka Havaji0 BOBHUKATH MOI03PEHIE O HEIOKA3yeMO-
cru V noctyJara EBkjmga. 910 nomo3peHre nepelio IOYTH B [MOJIHYIO
yBEPEHHOCTh, Korna B 1826 romy JlobadeBcKuit mOCTPOWJI reoMeTpuye-
CKYIO TEOPHIO, OCHOBAHHYIO HAa CUCTEMe IIOCTYJIATOB, B KOTOPOil V IOCTY-
gaT EBKINIa 3aMeHeH yTBEPkKIEHUEM, HECOBMECTUMbBIM ¢ HUM: «Eciu
Ha, [IJIOCKOCTY TOYKa, A He JIesKUT Ha mpsAMOii [, To cymecTByeT boJjiee uem
OJHAa IpsAMasi, Ipoxodamiaa yepe3 A n napasiesbHas [». XOTs «UCTUH-
HOCTh» TaKOH aKCIOMBI KazKeTCsI COMHATEJILHOI, ITPY BBIBOIE CJICACTBUIA
13 Hee JIoOadyeBCKUl He BCTPETHJI KAKUX-JINOO IIPOTUBOPEYHIl. ITO, OJI-
HAKO, HE 03HAYAJIO, YTO IIPOTUBOPEYN 30€Ch BOOOIIE HEBO3MOXKHBI.
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CuieayromumM COObITHEM HA IIYTU YKPEILJIEHU II03UIIiT HeeBKJINIOBOM
TeOMETPUN SIBUJIOCH IOCTPOEHNE PA3JINIHBIX Moaesieil reomeTpun J1oba-
YeBCKOI'0 CpelcTBaMmu reoMerpunn EBkamga. TUIMMYHBIM OpUMEpPOM Ta-
KOTO poaa Moaesieii MOXKeT CAYKNTh MOIeshb, npemjioxendasa @. Kieii-
HoM B 1871 r. B »Toii Mmomesim OCHOBHBIE TeOMEeTpUYECKUe ITOHSITUA:
[IJIOCKOCTh, TOUKA U IPAMasA — UHTEPIPETUPYIOTCS COOTBETCTBEHHO KAK
BHYTPEHHOCTh KaKOIro-HUOYIb KPyTa B €BKJIMOOBON ILJIOCKOCTU, TOYKA
BHYTPH DTOI0 KPyTa U XOPIa TOr0 Kpyra, paccMaTpuBacMasi 0e3 CBOUX
KOHIOB. B Takoill mHTepOpeTalnn OKa3bIBAIOTCS NCTUHHBIMHA BCE aKCHO-
MBI reoMeTpun JIo0adeBCKOTO; IpaBaa, OPU PTOM PACCTOSIHUS 1 YIJIBI
N3MePsAITCA He TaK, KaK Ha OOBIYHOIl eBKJIMOOBOI ILJIOCKOCTH, 3, IIO
IpaBUjIaM, Pa3pabOTaHHBIM OJisd IPOEKTUBHOI reoMmerpuu. Ilompobnoe
onmcanue nurepuperanuu Kiieitna u gpyrux monesieii reomerpun JIoba-
9eBCKOIO MOXKHO HAHTH B VIeOHBIX TOCOOHMAX IO BbICIIeli reomerpum™) .
Hasmmume taxux mopesieii mokasbIBaeT, 4TO reomerpusi JIobaueBcKoro
CTOJIb K€ HeIPOTUBOPEYNBa, KaK U reomerpust EBKJnaa.

[TocTtpoenne monesieit reomerpun JIo6a4eBCKOro mMesi0 IPUHITAIIU-
aJIbHOE 3HAUYeHUe OJI PA3BUTHUS AKCHOMATUYECKOIO MeTOOa, MOCKOJIb-
Ky OHO IIPUBEJIO K OCO3HAHMWIO BO3MOXKHOCTH PacCMaTpPUBATL aKCHOMAa-
TUYECKYI0 TEOPHUI0 YHCTO (POPMaAJIbHO, T.€. He IpearnoJiarad 3apaHee
KaKoe-JI1ubo onpenesieHHOe 3Ha4UeHUe OCHOBHBLIX IoHATuii. boJsiee Toro,
MBI BOJILHBI BBIONPATH 3HAUCHNA TUX IMOHATHIX KAKNM YyTOOHO 00Pa30M,
JINIIBb ObI IIPH 9TOM OKa3bIBAJIMCh UCTUHHBLIMU JJAHHBIE aKCUOMBIL.

B XIX B. akcuoMaruyecKuii MeTomd 01y YuJI HIUPOKOEe PACIPOCTPpaHe-
aue B Maremarnke. k. [Tearno (1891 r.) mpemIoxmnI aKCHOMATHUKY 1151
HATyPaJIbHOI'O PAla. DbLiIn MOCTPOeHbl aKCHUOMATUYeCKne TeOPUU OJIs
IeiicTBUTEIbHBIX umcesi. HakoHer, kak MbI y:Ke TOBOPHUJIHN B IJiaBe 1,
OblJIa BBIPAOOTaHA CHUCTEMa aKCHOM OJjid Teopuu MHOXKecTB. (OcobeH-
HO IHIMPOKOE pacupocTpaHenme (popMaJibHbIE aKCUOMATUKU IIOJIYUNJIN
B COBPEMEHHOI aJiredpe, IIe CUCTEMa aKCHOM IO CYIIECTBY BBICTYIIAET
B POJIN OHpelesIeHns TOH MJIM MHOI ajiredpamdeckoii CTpyKTYypHbI.

[Ipumep 1. Teopus epynn. B anredbpe rpyunmna omnpenesisieTcsi Kak
HeIycToe MHOXKeCcTBO (5, Ha, KOTOPOM 33daHa OMHAPHA OIepPallust -, VI0-
BJIETBOPSAIONIAA CJIEIYIONINM aKCHIOMAaM:

1) onepalius - aCCONMATUBHA;

2) Bo MHOKecTBe (7 CYIIECTBYeT eIMHUYIHBINA 3JTEMEHT, T. €. TAKOH 3J1e-
MEHT €, 9TO OJis1 JII0O0ro a € (G BBIIOJIHSIIOTCSI PABEHCTBA G - € = G
ne-a=a;

*)CM., Hanpumep, Fdumos H.B. Breicmas reomerpusa. — M.: @USMATJINUT,
2003.
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3) mis soboro a € (G uMeeTcsi OOPATHBII JIEMEHT, T.€. TaKOH 3JIe-
MeHT a' € G,ytoa-a' —=euna -a=e.

OueBUIHO, 9YTO TU AKCUOMbI MOIYT OBIThH 3aIIMCAHBI HA A3BIKE [1EPBO-
r0 MOpsAAKa, CUTHATYPA KOTOPOrO COAEPAKUT KOHCTAHTY € U JIBYMECTHbIH
(byHKIMOHAIBHBIA CUMBOJI -, B BUIE CJACAYIOMMUX (DOPMYJI:

Gl. Ve VyVz (x-y)-z2=x-(y - 2);

G2.Vx (x-e=z&ke -x=u1x);

G3. Ve dy (x-y=e&ky-z=oe).

Cucremy akcuom (G1-G3 Ha30BeM CUCTEMOIl AKCHOM [JiA TEOPUMN
rpyun 1 obosHauuM ee (G. Beskas nHTepnperanusi, B KOTOPO UCTUHHBI
aKCHOMBI TEOPUH TPYIII, ABJsieTCA (M HA3BIBAECTCs1) 2pynnod.

IIpumep 2. Teopusa aunetino ynopadouenHvlr mHoxcecms. AKCHO-
MBI JIMHEITHO yHOPsO0YE€HHOIO MHOXKECTBA, 3aIlIChIBAIOTCsI B BuiIe Ppop-
MYJI sI3BIKa IIEPBOrO IOPANKA, CUTHATYPa KOTOPOTO COIEPXKUT TOJIBKO
IBYMECTHBIN DpequKaTHbII cCHMBOJI <. BOT 3TH aKCHOMBI:

LO1. Vx —~x < x;

LO2. VxVyVz (e <y & y<zDdzx<z)

LO3. VxVy (x <yVzr=yVy<x).

@opmysisl LO1 u LO2 Ha3BpIBAIOTCA aKCUOMAMU IIPEAIIOPAIKA, a (pop-
mysa L3 — akcumoMoil ImHeiiHoi ynopsanodeHHoCcT. CHcTeMy aKCHOM
IIJIs TeOPpUU JIMHEHHO yIOopsimOYeHHBIX MHOKecTB obo3HauuMm LO. Jlu-
HeliHo ynopadouenHnoe MHOHCECMB0 — STO TaKas MHTEPIIPETAIINs PaC-
CMATPUBAEMOI0 SA3bIKa, B KOTOPOI ucTuHHb akcuoMbl LO1-LO3.

[Ipumep 3. Teopus noseti. AKCMOMBI TIOJISI 3aMUCHIBAIOTCA B BUIE
dopmMmyJ1 A3BIKA IEPBOTO MOPSIKA, CUTHATYPA KOTOPOI'O COOEPKUT KOH-
cranTel 0 1 1, a TakXKe IByMeCTHBIEe PYHKIINOHAJIBHBIE CUMBOJILI + U -
Bot akxcrombl oJIst:

Fl.VeVyz+y =y + z;

F2. Ve VyVz (e +y)+z=2+ (y + 2);

F3.Vrx+0=ux;

F4. Vx dy x +y = 0;

Fo. VxVyx-y=y-ux;

F6. VxVyVz (x-y)-z=x-(y-2);

F7. Ve x-1=ux;

F8. Vr (mx=0D3dyx-y=1);

FO9. Ve VyVz (x+y)-z=(z-2)+ (y-2);

F10. =0 = 1.

Cucremy akcunoMm F'1-F'10 obosnauum F. Ilone — 2TO Takasdg UHTEP-
npeTalusi, B KOTOPOil nCTUHHBI Bce popmysisl F'1-F10.



58 I'n. 3. 9aemermovr meopuu Jdoka3zamesbcms

§ 2. Jlormueckoe ciiemoBaHHeE

Temepp paccMOTPHUM BOIIPOC: KAKNe YTBEPKIEHUs CJIEIyeT CUNTATH
OTHOCAIIMMUCS K HAaHHOI akcuomarudeckoii reopun? Hampumep, MOXK-
HO JIM CYUTATh (DAKTOM TEOPUH IPYIII YTBEPKIEeHNE, BhIpaxKaemoe (pop-
myJsioif Vr Vy x -y = y - 27 OdeBugHO, HET, IOTOMY YTO CYHIECTBYIOT
TPYIIBI, B KOTOPBIX 3TO yTBepxkKOeHne HeBepHO. (I'pymmbl, B KOTOPBIX
9TO yTBEpP¥K/IeHUEe NCTUHHO, HA3BIBAIOTCA abenesbimu.) VIHBIMU CJIOBaA-
MM, MOXKHO CKa3aTh, 9TO 3TO yTBEPXKICHNE HE BBITEKAET JIOTUYECKU U3
AKCHOM. DTO HAOJIIOOEHUE IIOMOTAeT BBIPA3UTH IIOHATUE JIOTMIECKOIO
CJIEIIOBAHNUS B BUE TOYHBIX ONPEIe/IeHNIA.

[Ipu paccMOTpeHNN aKCHOMATUYECKUX TEOPHUil B 00IEM BUJIE ITPUXO-
OIUTCSA CUNTATHCS C TE€M, YTO JIF0OOE MHOXKECTBO 3aMKHYTBHIX (POPMY.JI
ITAHHOI'O sI3bIKa [IEPBOrO IOPSAIKA MOXKET ObITh IIPUHSTO B Ka4eCTBE CH-
crembl akcuoM. HMrtak, nmycts 1 — Opom3BOJILHOE MHOXKECTBO 3aMKHY-
ThIX popMmyJs curHarypsl 2. Modeawvro MmHOXKecTBa 1 Ha3LIBAeTCsI UH-
tepraperanusa I curaarypsl {1, B KOTOpOil ncTuHHLI BCe HopMyJibl us 1.
MuoxkecTBO 1’ HA3BIBAETCA COBMECMHBIM, €CJIN OHO IMeeT XOTsA Obl OTHY
MOIEJTh.

Takum 0Opa3oM, MOIEJN CUCTEeMbI akCiuoM (G — 3TO B TOYHOCTU BCE
IPYMIIbI, MO cucTeMbl akcuoM L() — Bce JIMHEIHO yHOpsaOUYeHHbIe
MHOXKECTBa, MOIEJJN CUCTeMbl akcuoM F — 510 Bce nosida. (OdueBumHoO,
YTO BCE OTHU CUCTEMBI aKCHOM COBMECTHBI. A BOT IpUMED HECOBMECT-
HOTO MHOXKecTBa (OopMyJT (I0KaA3aTETHCTBO TPEIJIAaraeTcsi B KadeCTBe
YIIPAKHEHWS ):

{Va Vy x =y, 3y 3z (P(y) & ~P(2))}.

Bbynem rosoputb, 4ro 3aMmkHyTasi gpopmysia A curnarypsl () saozu-
wecku caedyem (cemarnmuuecku caedyem Wi IpocTo caedyem) us T,
u nucath 1 = A, ecoim A ucTMHHA BO BCEX MOHEJIAX MHOXKecTBa 1.
B stoMm ciyuae Oymem roBopuTh Takxke, 9ro A sBisiercs so2uueckum
caedemeuem MHOKeCTBa popmyt 1.

Teopema 1. Ilyctb T — HeKOTOpO€ MHOXKECTBO 3aMKHYTBIX (pOp-
mys1 curgarypsel §), a A mw B — 3amkHyTBICe (DOpMYJIBI cUTHATYDHI §).
Torna

a)(TEAuT =B TEA&DB;

6) TU{AYEB&TEADB;

B) T = A & muox)ectBo T U {—.A} HecoBmecTHO.

HokaszaTe/bCcTBO. YTBEPKIAEHNE &) OUEBUIHO.
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Hokaxewm 6). Ilycts T U {A} = B, u nycts I — npousBosibHas
monesb muoxecrsa 1. Ecom I £ A, To 1o onpeneieHuio UCTUHHOCTU
I = ADDB. Ecmxel |= A 1o I saBjIsSIETCS MOIEJIBIO MHOXKECTBA
T U{A}, u no ycsiosuto I |= B. 3uauur, u B 31oMm ciayuae [ = A D B.
Takum obpaszom, dopmyaa A O B ucturua B JI000H MOIEIN MHOXKE-
crBa T, r.e. T = A D B.

O6parno, ecoiu T' = A D B u I — nipon3BoJibHASA MOIIEb MHOXKECTBA
TU{A}, 7ol = ADBul}E A Orcoga HEMEIJEHHO CJIEIYET, YTO
I = B. 3nauur, B uctunHa B 11060 Monesm maoxkecrsa 1 U {A}, . e.
TuU{A} =B.

Tenepsr mokaxem B). Ilycre T = A. Homyctum, 9T0 MHOZKECTBO
TU{-A} coBmecTHO, T.e. cymectByer ero moaesb I. Torma [ = -~ A wu [
ABJIsTETCs Takxke monenbto s 1. Ilo ycmosuio B aToM caydae I = A.
Buauut, I = Aul F -4, te. I £ A. Tlonyduennoe nporuBopedne
MMoKazbIBaeT, 4To MHOxKecTBO 1' U {—.A} Ha camom nesie HECOBMECTHO.

[Iycts muoxkectBo T'U {—.A} HecoBmecTHo, T.€. HE MMeET MOIEJIH,
n nycTh | — mpomsBobHaA Momesb MmHOxkecTBa 1. Torma I = A, tak
kak unade I = - A u I 6buta 661 Mmomesbio maoxkectsa 1T U {—.A}. Bna-
qut, A ucrtunna B J1000#t momesin muoxkectsa 1) T.e. T' = A. Teopema
IOKa3aHa.

MuoxkecTBo T 3aMKHYTBHIX (GOPMYJI CUTHATYphI () OyleM Ha3bIBaTh
CEMAHMUYECKU NOAHBIM, €CJI T COBMECTHO U OJiA JIF0OOI 3aMKHYTOI
dbopmysbr A curaarypst 2 Bemmosneno 7' = A wm T E —A.

I[Ipumep 1. IlycTth curHarypa He COOEPKUT HUKAKUX KOHCTAHT,
(byHKIMOHATBHBIX U TIPEIMKATHBIX CUMBOJIOB (ITycTas curHarypa). Pac-
CMOTPHUM CJIEAYIONIee OJHOIJIEMEHTHOE MHOXKEeCTBO (pOpMyJI 3TOI CUT-
maryper: 1T = {Va Vy © = y}. 9T0O MHOKECTBO CEMaHTUIECKH ITOJTHO,
IIOCKOJIBKY OHO MMEeT €OUHCTBEHHYIO, C TOYHOCTBIO JI0 M30MOpPhU3Ma,
MOJIeJIb — OIHO3JIEMEHTHOEe MHOXKECTBO, U JIIo0as 3aMKHYTast PopMy.Jia
OO UCTUHHA, JIMOO JIOKHA B 9TONH MOIEJIN.

Teopema 2. CoBmecTtHOe MHOXKecTBO (GopMmysa 1 cemMaHTHIECKH
MIOJIHO TOrda M TOJIBKO TOIOA, Korda JIoOble IBe ero MOIEJIH 2JIEMEH-
TapHO 3KBHUBAJICHTHBL.

IHHokazaTreanbcTBo. llycth MHOXKecTBO I CceMaHTUYECKU IIOJIHO,
n nyctsb [y u Is — nBe ero mogenu. [lomycTuM, 9TO CyIIeCTBYeT Ta-
kasa 3amkHyTas ¢popmyaa A, aro [1 E A u I, £ A Torma T E A,
tak Kak I £ A, u T [~ -A, tak xax I} £ -A. TlonydenHnoe nporuso-
pedune OIPeaesIeHNI0 CEMAaHTUYECKON IMOJIHOTHI IIOKa3bIBA€T, YTO TAaKOi
dopmysier A He cymecTByer, T.e. [1 =2 Is.
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ObparHo, mycTh JIHOObIE OBE MOMEJU MHOXKecTBa, 1 3j1eMeHTapHO
9KBUBaJIeHTHBI. llycTh A — mpomsBosbHaA 3aMKHyTass gpopmysaa. 1o
ycJi0Bui0 1" COBMECTHO, T.€. UMeeT HEeKOTOPYio moneb [y. OueBumno,
Iy E Aum Iy E -A. Ilycts gna onpenenennoctu Iy = A u mycth
[ — npoussosibHas Momesib muoxkectBa 1. Tak xkax [ =2 Iy, to I = A,
T.e. A nctunna B J060#t Momesin muOoKectBa 1, u T = A.

Awnasorunano nokaswiBaercs, uto ecan Iy = A, o T = = A. Teope-
Ma OOKa3aHa.

Hu omna us cucrem akcuom G, LO, F He saBJAETCs CEMaHTUYECKU
noJiHoOil. bes3 mokasaresibcTBa IIpUBEIEM IBA HETPUBHAJIbHBIX IIPUMEPA
CEeMaHTUYeCKU IOJIHBIX cucTteM akcuoMm. IlepBas mosiyuaercs mobasiie-
areM K L akcuom

Ve dy ¢ < y;
Ve dy y < z;
Ve Vy (z <y D3z (z<z&z<y)).

DTa CUCTEMA aKCHUOM 331a€T IIOHSITHE NA0MH020 AUHETIH020 nopsadka be3
nepeozo U nocaednezo snemenmos n obosnadaercss DLO.

Ipyroii HeTpuBHMAJILHLII OpUMEp CEMAaHTHUYECKU IIOJIHOW CHCTEeMBI
aKCIOM — HTO CHCTEMa aKCHOM aA2ebpauyvecku 3amrnymoir noael
xapaxmepucmury Hoav ACEF(Q, koropas moJsiydaercst moOaBJ/IEHUEM
K F aByx Oeckomednbix MHOxkecTB dopmyst {Ar | k € N, k > 2}
u{Br | k€N, k> 2}, rne

Ay =-(..(1+1)+1)...+1)+1=0,

A 7

"

k enuHuMIl

Br =VyoVyr ... Vyr (~yr =02 3z (yp - 2" + ...+ y1 - 2+ yo = 0))

(3ILerZnI(---(£Z°Z)°Z)'---°Z)°€)-

n pas

Nrak, Mbl yTOYHUJIN, 9TO 3HAYNUT, YTO JJAHHOE YVTBEPXKICHUEC JIOrNYe-
CKU CJleyeT U3 JAaHHOW cucTeMbl akcuoM. Kax xKe NpaxTUYecKu MOXK-
HO WCKaThb JIOTMYECKUE CJICJACTBUSA U3 akcuoMm? SIcHO, 9TO HET CMBbI-
cJjla OefCTBOBATH B IIOJIHOM COOTBETCTBUU C OIPEICJICHUEM JIOMMYECKO-
IO CJIEIOBAaHUsI, T.e. Iepebuparb BCe MOAESN JAHHON CUCTEMBbI aKCHUOM
1 yOexKIaThCsI, YTO B HUX UICTUHHO JIAHHOE YTBEpK JeHNe, [IOCKOJIbKY, BO-
[IePBLIX, HAM HE BCEra U3BECTHBLI BCE MOIECJIN, &, BO-BTOPbLIX, UX MOXKET
OKa3aTbCs OECKOHEYHO MHOTO (Kak, Hampumep, rpyii). Bcee e mHOTIA
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(1 maxe OYeHb YACTO) MyTEM HEKOTOPOI'O PACCYXKIEHUs YIAETCS HO-
Ka3aTb, YTO TO WM MHOE YTBEP:KIECHHUE JIOIMUYECKH CJIEAYET 13 aKCHOM.
Torna Takoe paccyzKaeHrue Mbl HA3bIBAEM JIOKA3ATEILCTBOM, a IOJIy YeH-
HOE C er0 IIOMOIIbBIO CJICACTBUE U3 aKCUoOM — Teopemoit. OkasbiBaercs,
4TO TAaKUM OOpPa30M MOXKHO HOKAa3aTh Jii000e yTBEepXKAeHUe, JIOIHNIeCKH
BBITEKAIONIEe U3 aKCUOM, 3aIllMCAHHLIX B BuAe (pOPMYJI sA3BIKA IEePBOrO
NOPsANKA, a HEOOXOIUMBIE [IJIs 9TON0 METOIbI JIOKA3aTe/ILCTBA MOXKHO
[IOJTHOCTBIO 0003PETh U CUCTEMATU3UPOBATEL. ITO JIEJIAETCA C IOMOIILIO
TaK HA3BIBAEMOI'O UCUUCAEHUA NPeIUKAMOS.

Yupaxunennda. 1. [lokazars, 9T0 aKCHOMBI TEOPUN TPYII JIOTTIe-
CKH CJIEIYIOT U3 MHOXKECTBa (DOPMYJI

{(VeVyVza-(y-2)=(x-y) -2, Vrxx-e=2x, Ve Jy x -y = e}

1 HE CJIEAYIOT U3 MHOXKEeCTBA (DOPMYJI, IOJIYIEHHOIO U3 9TOTO 3aMEHOI
nocJsieqHeit hpopmyJibl Ha popMmyay Vo dy y - ¢ = e.

2. Hokazarb, 910 dopmynasl YV Yy (z -y = 0D xz =0Vy = 0)
n Vz x -0 = 0 jjorudecku CJIEIyIOT U3 aKCUOM MHOJId, a POopMyJIa

Ve (t+2x=0D>z=0)

He CJIeIYeT.

§ 3. TaBTOJIOTMYECKOE CJIENCTBHUE

B §10 r1aBer 2 ObLJIO0 BBEOEHO MOHSITHE TABTOJIOIMM KaK (POPMYJIbI
SI3BIKA IIEPBOI0 IMOPAIKa, KOTOPasd IOJIyYaeTCs 13 HEKOTOPOUl Ipomo-
SUIIMOHAJILHON TaBTOJIOTUHN IMOICTAHOBKOI KaKUX-JIM00 (POPMYJI SA3bIKA
IIEPBOrO IIOPsIIKA BMECTO IIPOMO3UIINOHAJILHBIX IEPEMEeHHBIX. BymeMm ro-
BOPUTH, 4TO popmyJia A s3bIKa IEepBOro MOpsigKa sIBJIAETCS mMasémono-
2uveckum caedecmeuem popmyit Ay, ..., A, Toro xe sa3bika, ecan pop-
myna A & ... & A, D A ects TaBTOSI0TRA.

[Ipumep 1. ®opmysa P(z) siBJsieTCs TaBTOJIOTMYECKUM CJIEICTBU-
em dopmya Jy Q(y) m Jy Q(y) DO P(z). HelicrBuresnbHo, dpopmya
dy Q(y) & (Jy Q(y) D P(z)) D P(z) ecTb TaBTOJIOTHSA: OHA MOJIYIAETCS
MOJICTAHOBKOI B MPONO3nIMOHaIbHY0 TaTosioruio P & (P D @) D @
dopmyasl Jy Q(y) BMecTo mpono3uiinoHasibHo nepementoit P u P(z)
BMecTO ().
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Teopema 3. TaBrosorudeckoe ciencrBue obrie3HaINMbIX (DOPMY.JI
OOIITe3HATITMO.

[TokasareabcTtBo. Ilycts A — TaBrosiOrnYeckKoe cjencTBue o0-
mesHaunMbix popmya A, ..., A,. Ilycrts I — mnpowmsBosibHAS HMH-
Tepuperanusi, § — npousBoJibHAA oueHKa (opmysibl A. IlpousBosib-
HBIM 00pa3oM pacmupuM OHeHKY €, 4Tobbl OHa craJsia oneHkoit dop-
My Ai, ..., A,, T.e. IpugaauM Kakue-HUOYIb 3HAUEHUsI M TeM IIepe-
MEHHBIM, KOTOPBIE BXOIST CBOOOOHO B 9TH (DOPMYJIbI, HO HE IOJIYUAIOT
sHadenuii nmpu onenke 6. Ilosydennyio ouenky obosuaunm 6. OueBu-
Ho, 9to 0'A = 0A. Ilo ycaosuro popmyna A; & ... & A, D A —
taBrosiorusi. Ilo Teopeme 1 u3 rjiaBbl 2 OHA OOIMIE3HAUMMA. JIHAUUT,

TE6(A &...& A, > A). Ho
Hl(Al&&AnDA)IE(HIAl&&QI.AnDHI.A)

Tak xak ¢dopmysast Ai,...,A, odbmesnaunmbl, To [ | 6'A;, ...,
I = 0'A,. Orcroma wHemenjienno cienyer, ato I = 6'A, 1.e. I = 6A.
Taxkum obpasom, dopmysa A ucruHHa B J1000i MHTEpIpeTanuy IIpU
000 onenke, T.e. A obmesnaunmva. Teopema mokasana.

3 4. UcunciieHne ImpeauKarToB

durcupyeM HEKOTOPYIO curHaTypy (2. AKcumoMamy MCUUCICHUS Ipe-
IUKATOB B curarype () Ha3bIBAIOTCA CJEAyIomue (pOPMYyJIbL:
(al) s1r0bast TaBTOJIOIMST CUTHATYPBI §2;
(a2) A(t) O JxA(x);
(a3) Vo A(x) O A(?);
(ad) Vo (A(z) D B) O (3x A(z) D B);
(ab) Va (B D A(x)) D (B D Vx A(x));
(a6) tl = tl,
(a?) t1 =12 D to = tq;
(38) ty =t & ts =13 Dty = 13;
(&9) h=s1&...&t, =5, D f(tl,... ,tn) = f(Sl,... ,Sn);
(alO) h=s1&...&t, =5, D (P(tl,... ,tn) EP(Sl,... ,Sn)).
3nech A(x) — s0bas ¢popmysa curHarypsl ), £ — Jr0bast mepemMeH-
Has, TepM t cBobomen o1 ¢ B A(x); B — Jmrobas popmysia curaarypsi 2,
He coIepiKalasi CBOOOOHBIX BXOXAeHui 3 t1,... ,1,,81,... , S, — JIIO-
Oble TepMmbl, [ — J1r000#i N-MecTHBI (PYHKIMOHAJILHBIA cuMBOJI u3 (1,
P — n11000ii n-mecTHbI TpequKaTHbIA cCuMBOJI 13 ().
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MHOXK€eCTBO aKCHOM B KaxK10# U3 rpyin beckoneuHo: dpukcupyst A(x),
B,ti,... ,tn,81,...,5n, f, P, MOXXHO IIOJIYYUTD JIFOOYI0O KOHKPETHVIO aK-
cuomy. Axcrombr (a6)—(al0) HA3BLIBAIOTCS AKCUOMAMUY PLEEHCNEA.

[Tpumep 1. Popmyna 0+ 0 = y D der z + x = y dBadercsa
aKCHOMOIt u3 rpyrmib! (a2), ujam mpocto akcuomoit (a2). 3mech A(x) =
=x4+x =y, t=0. QopmymaVrz-y=y-xD(z1+22)y=vy-(21+29)
saBJisgeTcst akcnomoit (a3). 3mech A(x) =z -y =y -z, t = 21 + 2.

[Ipumep 2. Bor npumepsnt akcuom (a9), (al0):
r=y&z=udDrx+z=y+ u;
r=y&z=ud (zx<z=y <u).

lye-- n

JIto6oe MHOXKeCTBO (DUryp BUIA , toe Ay,... A, A —
dopMYyJIbI, HA3BIBAETCS NPaBUAOM 6vieoda. Bymem ropoputh, 910 Op-
myJ1a A nonydena us dpopmyat Aq, ..., A, no npasuiy II, ecin

A, ... An
Y| c 1I.

B ncuucienun [IpeagnKaTOB [IBad IIPpaBUJIa BbIBOOA: NPAGUAO TNAGTIION02U-

Yyeck020 caedcmeus

(Taut) = {Al,A 7An

1 NPasuso 0000werHus

(Gen) = {V fA ‘A — m0b6asa GopMyJIa CUTHATYPBI Q,} |

xr — Jrobasi nepeMeHHasd

A — raBrosnormueckoe caencreue Ap, ..., An}

BoTr HekoTOpbie 4aCTO NMPUMEHSIOMNEC BUIbI (PUTYD, COMEPKAIIUECS
B paBusie (T'aut):

1) A ADB

COBOKYIIHOCTL TakKuX (DUIYP HA3LIBAIOT NPAEUAOM 3AKAOUEHUS WU
modus ponens, cokpaienno (M P).

2) A D AB’DBCD C, roe A, B,C — npousBoJibHbIEe (POPMYJIbI CUTHATY-

, rme A u B — npousBoJsibHBIEe DOPMYJILI CUTHATYPHI (2.

poI (). COBOKYITHOCTD TaKUX (PUTYP HABBIBACTCS NPAGUAOM CUANOLU3MA.

3) ADB -AD>D-B AD-B -ADB

-BD>-A" BD>DA’ BD>-A -BD>A’

Hble (pOpMYJibl cUrHaTyphl 2. COBOKYIIHOCTH TaKuxX (PUIYP HA3BIBAIOT
NPABULOM KOHMPANO3UUUU.

IlocoiepoBaressbHOCTE popmyai By, ... , B, Ha3bIBaeTCs 6b16000M, €CJIN
o7t Bcex ¢ < n dopmysa B; ubo ecTh aKCMOMA, UCUYUCJICHUST HTPEIn-
KaTOB, JIMOO IOJIyYeHa U3 HPEIbIayInux (pOpMYJI TOH IIOCIIeH0BATE Ib-
HOCTH 110 ogHOMY U3 mpaBuj BbiBoga (T'aut) mmm (Gen). ®opmysa B
evi6oduma, ecjim cymecTByer BoiBod B, ... , B, Takoii, uro B, = B.

rne A, B — mpousBoJIb-
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[Ipumep 3. YcraHOBUM BBIBOOUMOCTH (POPMYJIbI
dz Yy P(x,y) D Vy dx P(x,y).

1. Vy P(xz,y) D P(x,y) (akcuoma (a3));

2. P(z,y) D 3z P(x,y) (akcuoma (a2));

3. Vy P(x,y) D dz P(x,y) (mosrydena u3 1. u 2. 10 IpaBUJIy CUJIJIO-
TH3MA);

4. Ve (Vy P(x,y) D dx P(z,y)) (nmonydena u3 3. no npasuiay (Gen));

5. Vo (Vy P(z,y) D dz P(z,y)) D (z Yy P(x,y) D Jx P(x,y))
(akcumoma, (ad));

6. dx Yy P(x,y) D 3o P(z,y) (nonydena us 4. u 5. mo (M P));

7. Yy (3x Yy P(x,y) D Jz P(x,y)) (monyduena uz 6. mo (Gen));

8. Vy (Jz Vy P(x,y) D Jdx P(x,y)) D (Jx Vy P(x,y) D Vy 3z P(x,y))
(akcuoma, (ad));

9. dx Vy P(z, y) D Vy dx P(x,y) (mosrydena u3 7. u 8. mo (M P)).

Teopema 4 (reopeMa O KOPPEKTHOCTH WCUHUCJEHUS IIPEIUKa-
TOB). JIr0b6as BeIBOAHEMAsT (pOPMYJIa ODIIE3HATHMA.

IHoxasaTtenbcTno. CHavaIa OOKaXKeM, 9YTO BCEe aKCHOMBI O0IIIe-
suaguMbl. Obmesnaganmocts (al) ciaemyer u3 teopembr 1 raser 2. O6-
MEe3HAYNMOCTh AaKCHUOM PAaBEHCTBA OdeBMAHA. JloKaxkeMm oOmIe3HAIH-
MOCTb aKCHOMBI (a2).

Urak, nycts C = A(t) D dz A(x), npudem tepm t CBOOOHEH 1151 ITEpe-
menHoit & B popmysie A(x). Ilycts I — HeKoTOpast MHTEPIIPETAIINA CHT-
HaTyphI {2 ¢ HOCuTesieM M, a § — HekoTopast onleHKa popmyJibl C. Tpe-
Oyercst mokasarh, uyro I = 0C. OueBugno, uro 0C = A A(t) D 6 dz A(x).
31mech ¥ gaJiee MOICTAHOBKA CUYUTAETCA CTaplieil ornepanueil 1mo oTHo-
IEHWIO K OMepallni OIeHNBaHUsI, TaKuM oopasom, 8.A(t) — s1o OB nas
B = A(t), a we C(t) nnss C = 0A. Ouenka 6 comocraBjisieT BCeM CBO-
OomHbIM nepeMeHHbIM (popMyJibl C mMeHa sjeMeHToB u3 M. Kakme xke
epeMeHHbIe BXOOAT cBoOOIHO B C? Bo-1epBhIX, 3TO BCce CBOOOIHBIE IIe-
pemennble opmyJibl A(x) kpome x. Bo-BTOpBIX, 9TO BCe IepeMeHHbIE,
BXOZSIIAE B TepM t (B TOM 49mCJIe, BO3SMOXKHO, 1 ). [leiicTBuTE IbHO, T0-
CKOJIbKY TepM t cBobomeH mst ¢ B A(x), mepemeHHbie, COmepKaIIecs
B t, He CBA3BIBAIOTCA KBaHTOpaMmu (opmyssl A(x) 1 octarorcsa cBobOI-
aeiMu B A(t). Ecam x Bxomur B 6, To yepes #' 0603HAUNM OIIEHKY, KO-
TOpas IOJIy4aeTcs u3 ¢ BbBIOpACBIBAHHEM CTOJIONA, COOTBETCTBYIOMIETO
nepeMeHHol x, T.e. 8’ comocTaBjiseT BCeM IepeMEeHHBIM KPOMe I Te Ke
MMeHa, 3JIeMeHTOB n3 M, uTo u 6, a mepeMeHHOl & HUYero He COIOCTA-
Basier. OgeBuano, uro 3z A(z) = 0’ dz A(z) = dx 0’ A(x). C opyroii
cropoubl 0 A(t) = 0A(At). Dopmyna A(At) He comepRuUT CBOOOTHO I,
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trak 1aro HA(Ot) = 6' A(ft). Takum obpasom, 8C = ' A(6t) D Jx ' A(x).
IIycty I = 0’ A(0t), u nyctb ¢ € M ecTh 3HAYEHHUE OLEHEHHOI'O TEPMa
6t. Torma, oueBunmuo, I = ' A(c). Ilo ompenesleHnI0 UCTUHHOCTH DTO
osaavaer, uyro I = Jzb’' A(x).

Takum o6pasoM, ecjin B UHTepIpeTanny | NCTUHHA MOCBLIIKA (pOpMy-
sibt BC, TO MCTUHHO U ee 3akJroderue, T.e. I = 6C, uro u TpeboBasiock
II0Ka3aTh.

AnaJiorndHO J10Ka3bIBAETCsA OOIMIE3HAINMOCTh akcnoMbl (ad). [loka-
KeM OOIIe3HAINMOCTb aKCUOMbI (ad).

ITycts A(x) u B — mpousBosibHBIE (DOPMYJIBI, IpudeM I3 He COMepPKUAT
CBOOOIHBIX BXOXKJeHniT mepeMenHoil x. O4eBumHo

Vr (A(x) D B) ~ Vz(—=A(x) V B).
IIo Teopeme 2 u3 ry1aBBI 2 TMeeM
Ve(-=A(z)VB) ~Vr-A(x) VB ~ ~dzA(z) VB ~ JxzA(x) D B.

Mer mokasasu, aro Ve (A(x) V B) ~ dxA(x) D B. Orcrona caemyet, 910
dbopmyaa YV (A(z) vV B) D (zA(x) D B) obiesHadnma.

O61e3HAIMMOCTD AKCHOMBI (a)) TOKA3BIBAETCS AHAJIOTHIHO.

Tenepsr moxazkem, 4TO J00as BBIBOOAUMAS (POPMYJIa OOIIE3HAYNMA.
Ilycts Bq,... , B, — npousBo/ibHbIi BbiBOO. HOyKInel 1o ¢ JoKaxKeM,
yTo popMmyJia B; obmesnaunma. Ecau 1 = 1, To B; — akcuoma, u 1o
IIOKA3aHHOMY OHa obmesHaunma. Ilycrs ¢ = k4 1, u gjia joboro § < k
dbopmyita B; obmesnaunma. [dokaxkem, uyro B; obmesnaunma. Ilo omnpe-
IeJIEHNIO BBIBOOA (bopMyJia BB; monyuena us3 popMyJI ¢ MEHBIINMUA HOME-
pavu o npasuiaam (Taut) wiu (Gen). Ilycrs B; nonyyena u3z dbopmy
Bi,,...,B; muo npasuny (T'aut). Ilo "HAYKTUBHOMY IPEIIIOJIOKEHUIO
Bi,,...,B; obmesnadumbl. Tak Kak B; — WX TaBTOJIOTUYECKOE CJIE/I-
cTBHe, TO 1O Teopeme 1 ryasbl 3 B; TakKe 00Ie3HAYNMA.

ITycts bopmysta B; nonydena u3 dopmysst B;, roe 7 < k, 10 mpaBu-
ay (Gen), r.e. B; = Vx B;. Ilycts I — npousBosibHaA MHTEPIPETALINS
¢ mocurenem M, a 8 — mpousBoJIbHasA oneHka dopmyant B;. Hyxno
mokasark, uro I = 6B;. Tax xax x He BXxomuT CBOOOIHO B B;, MOK-
HO CYHUTaTh, 4TO O He comep:xkutr x. Popmysia B; MOXKeT COOepXKaTh &
CBOOOZHO, MO3TOMY [Jifg Hee OymeMm ynorpebsiarb obosnadenue B;(x).
OueBunHo, yto OB; = VxB;(z). Ilo nHAyKTUBHOMY NIPENIIOJIOXKEHUIO
dbopmysa B;(x) obmesHaumma, T.e. UCTHHHA B [ mpu JI000# OllEHKe.
B wyacrHOCTH, ecsin m — IIPOU3BOJIbHBIN aJ1eMenT u3 M, to I = 0'B;(x),
raoe #' — omeHka, KOTOpasi BCeM IepeMeHHBIM 13 § COIOCTaBJIAeT Te
’Ke MMeHa, 4To u 6, 1, KpoMe TOro, mepeMeHHOIl T COIOCTaBJIIeT M.
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OueBupnHo, uto 6'B;(z) = 0B;(m). Takum obpasom, KakoB Obl HU ObLI
sseMeHT m € M, nmeer mecto I = 0B;(m). 1lo onpenenennio ncTuHHO-
cTu 510 o3Havaer, 4ro I |= VzlB;(x), r.e. I | 8B;, uro n TpeboBasioch
TTIOKA3aTh.

WNrak, MBIl JOKa3aJid, YTO €CJIM MOCJIed0BaATEeIbHOCTh (hopMyJI B, . ..
..., B, dBIAEeTCA BBIBOOOM, TO BCE 3TU (DOPMYJIbI O0IIE3HAUNMBI. Besi-
Kas BhIBOAUMAas (DOPMY.JIa SIBJISETCS TocsIeaHell hopMyJIoii B HEKOTOPOM
BBIBOME, CJIENOBATEJILHO, OHA TOXKe obmesHadnMma. Teopema IT0Ka3aHa.

Teneps MOXHO MOHATH, MOYEMY CYIIECTBEHHO YCJIOBHE, UTO TEpPM
cBobonen mia x B A(x) B akcmomax (a2) u (a3). Ilycrs, mampuwmep,
A(z) =Vy z =y, t = y. OueBunHO, uTO t He cBOOOmeH A = B A(x).
Nmeem: A(t) = Vy y = y, JzA(x) = Jx Vy = y. Axcuoma (a2)
npuanMaeT Bua Vy y = y O da Vy x = y. OdeBugHo, 410 9Ta (hopMysia
He obme3HadnMa. 10T ke 3P@deKT UIIOCTPUPyeM Ha IPUMEpPe aKCHO-
Mol (ad). Ilycts A(z) = Jdy —xz =y, t = y. Torua akcuoma (a3d) npumer
Bud Ve dy—x =y D dy -y = y. Ir1a dpopmyJsia Takxke He ODIIEe3HAIUMA.

Takum obpaszom, ecu ycjaoBue, 9To TepM t cBobomen mjisa ¢ B A(x),
He cODJII0IAaeTCs, TO aKCHOMBI (a2) 1 (ad) MOI'yT OKa3aThCs He OOIIEe3HAa-
IUMBIMH.

Takxe B akcuomax (ad) u (ab) cymectBenno ycsaosue, uto B HE co-
nepKuT cBOOOMHBIX Bxoxaenuit x. Hampuwmep, ecim A(x) = P(x)
u B = P(z), To akcuoma (a4d) npuHUMAET BU/L

Vz (P(x) D P(x)) D (JzP(x) D P(x)),
a akcmoma, (ab) — BHUI
Ve (P(x) D P(x)) D (P(z) D VxP(x)).

Herpynuo mpoBeputh, 9T0 00e 9T (POPMYJIbl HE ODIIE3HAYNMEI.
IIpapusio BeIBOmA Il HaszwpIBaeTCst npou3eodHbviM, €COAN IJIsT KaXKION

durypni Aty An € II cymecTByeT mOC/I€I0BATEJBLHOCTH (DOPMYJI
Bi,...,B; takas, aro B = A, u ym0bas dpopmysia B 3T0# mocseqoBa-
TeJILHOCTHU JINOO ABJIAETCSA aKCHOMOM, JTMOO MPUHAIIECIKUT MHOXKECTBY
{Ai,... Ay}, ymubo nonydyena us npenpiaymux o npasusam (T aut)
nm (Gen).

Teopema 5. Cuenyromue npaBu/ia BbIBOOA SIBJISIOTCI IPOH3BOI-
HBIMU:

B> A(x)
2) { B > Vo A(r)

?

A(x) m B — npomsBoJjibHBIE (POPMYJIBI, HpI/Iqu}

B He comepzkuT CBOOOIHBIX BXOXKIECHHUIH I
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6) { A(z) > B |A(x) u B — npousso/ibHBIE (DOPMY.TEL, HpI/Iqu}
JrA(x) D BB ne conep:xut cBOOOIHBIX BXOXKIEHHIT T '

IHHoxkazaTeabcTBO. JIg KaxKIoro m3 STUX IIPABUJI BBIBOOA, IO-
cTpouM TpeOyeMyI0 B OIPEIEJICHUN IIPOU3BOAHOIO IPABUIIA IIOCJICI0BA-
TeJIbHOCTh (DOPMY.JI:
a) 1. B D A(z);
2. Vx (BD A(x)) (3 1 mo (Gen));
3. Vz (BD A(x)) D (B D VxA(z)) (akcuoma (ab));
4. BOVzA(z) (m32u 3 mo (MP)).

6) 1. A(xz) D B;
2. Vx (A(x) D B) (u3 1 mo (Gen));
3. Vz (A(z) D B) D (FzA(z) D B) (axcuoma (a4));
4. 3xA(x) DB (u3 2 u 3 mo (M P)).

Teopema moka3aHa.

[TpaBusia a) u 6) U3 TeopeMbl 5 HA3BIBAIOTCSA npasusamu Bepraiica.

IIpu moxasaresibCTBE BBIBOAUMOCTH (POPMYJI MOZKHO II0JIb30BATHCS
IPOU3BOIHBIMI IPABUJIAMI BEIBOIA. A MMEHHO, HA30BEM COKDAULEHHbIM
68b16000M JIIOOYIO TAaKVIO MOCJIEIOBATEJIbHOCTE dopMyJa By, ... , B, 910
nJ1s1 Bcex ¢ popMmyJia B; ubo sSBIAETCS aKCUOMOM, JubO MoJIydeHa 13
npenpiaynmx popmyJt mo npasuwiaM (Taut) wm (Gen), mubo oty deHa,
13 IPenbplaymuxX (popMyJI 10 KAaKOMY-/I1100 IPOU3BOIHOMY HIPABUJLY.

Teopema 6. Ecau By, ..., B, — cokpaleHHpIii BRIBOI, TO BCE (pOp-
MyJiel By, ... , B, ABISIOTCS BHIBOIMMbBIMA.

[loka3aTeqabCTBO. YTBepKICHNE IOKA3bIBACTCS MHOYKIUE II0
n. Ilycts n = 1. OueBumHO, €cjim COKPAIIEHHBI BHIBOO COCTOUT W3
OOHOIT (popMyJIbI, TO 9Ta POPMYJIa — AKCUOMA U IIOTOMY BBIBOIUMA.

IIycTts yTBEpKIeHME BepHO O Jroboro n < k. lokaxkeMm, 94TO OHO
BepHO myiA n = k + 1. Urak, nyctb By, ..., By, Bp11 — COKpallleHHbI
BbIBO. (J4YeBUIHO, YTO IIOCJI€O0OBATEJBHOCTL B1,... , B ABisgercs co-
KPAIIEHHBIM BBIBOIOM, U [0 MHIYKTUBHOMY IIPEIIIOJIOKEHUI0 BCe POp-
MyJibl B1, ..., By BeiBoguMmbl. [lokaxkem, uTo By TakXKe BBIBOIUMA.
PaccMoTpuM deTwIpe cirydas, BO3SMOXKHBIE IJ1 (DOPMYJIBI Biiq1 B CHUITY
OIpenesieHns COKPAIIEHHOI'O BHIBOIA.

1) By11 aBiastercst akcuomoit. B aTom citydae Biyq BhIBOaUMA.

2) Bri1 moaydena us mpenbiaymmx (opmya B, ... ,DB; 10 mpa-
By (Taut). Kax MBI TOJIBKO 9TO HOKa3aJIM, UCXOMS W3 WHIYKTUB-
HOTO TIPeInoJIoKeHns, Bce dpopmyssr B;,, ..., B; BBBOAUMBI. DBbInm-
meM TOAPsI BBIBOALI (bopmya B, , ... ,B; , a 3arem nanumeMm (popmy-
1y Bii1. HerpymHo mpoBepuTh, 4TO MOJIYYEHHAS ITOCJIEI0BATEILHOCTD

By ..., Bi By, aBisercsa BeIBOIOM (popMyJIbl B 1.
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3) Bjy1 mosydena u3 HEKOTOPO mpenbiayiieit popmysisl B; mo mpa-
Bty (Gen). Kax u B mpenpiaymeM caydae, CTPOUTCS BBIBOI POPMY.JIbI
Bii1.

4) Byi1 mosrydena us npenbiaynmx dopmya B, ... ,B; 10 mpouns-
BOIHOMY HPaBUJIy BBIBOIA. 1lo ompemesieHuio MpOM3BOLHOIO IPABUIIA
BBIBOJA DTO O3HAYAET, YTO CYLIECTBYET MOCJIEI0BATEILHOCTL (POPMY.JI
Ci,...,C Ttakas, uro C; = By, u gwobass dopmysia C; ubO sBJIsIETCS
aKCHOMOIi, JTubO MPUHAITEKUT MHOXKECTBY {B;,,... ,B; }, mmubo mosy-
qeHa W3 mpenpiaymux gopmys mo npasuiy (Taut) nam (Gen). Bcee
dopmyaet By, , ..., B; BeBOomuMBI. IIpeobpazyem mocienoBaTebHOCTD
Ci,...,C; cnenytomum oO6pa3oM: BCIOLY, IOe B Heil BCTpedaeTcsa KaKas-
HUOY b U3 popmyt B;,, ... , B; , 3aMeHUM ee Ha BBIBOM, 3TOI (DOPMYJIBI.
O4eBUOHO, YTO MOJIYUEHHAs MOCJIEIOBATEIHHOCTD SIBJISIETCSI BBLIBOIOM
dopmysbr By 1. Teopema nokaszaHa.

3aMeTuM, 4TO BEPHO 1 0OpaTHOEe: ecJi Bce POPMYJIbI II0CI€10BATE Ih-
HoCcTHu B1, ... , B BRIBOOUMBI, TO 9Ta IOCJIEOI0BATEILHOCTD SIBJISETCS CO-
KpallleHHBIM BbIBOIOM. [leiicTBUTEIbHO, IJIsI BCEX ¢ IIPABUJIO, COCTOSIIEe

13 €IUHCTBEHHOII (purypnl B> ABJIAETCA NMPOU3BOIHBIM. Taxum obpa-
1

30M, IIOCJIEIOBATEJIBHOCTD By, . .., By sIBJIsieTcss COKpaIeHHBIM BBIBOIOM
TOI'IAa U TOJIBKO TOIA, KOTHa AJid Jiroboro ¢ < k dpopmysia B; BeIBoguMa.

Teopema 7. Iasa jroboii popmysibr A BeIBOZUMBI (pOPMYJIBI

—dz A =Vz —A;
Vo A =3dz —A.

HoxkaszarenbcTBOo. IlocTpouM CcOKpallleHHBIH BBIBOI (DOPMYJIbI
—dz 4 =Vz -A.

1. AD dz A (akcuoma (a2));
. —de A D —A (u3 1. 10 npaBuy KOHTPAIIO3UIINHN );
. =dx A D Vz A (u3 2. no npasuiy Bepuaiica);
. Vo = A D -~ A (akcuoma (a3));
. A D=V - A (u3 4. o npaBUIIy KOHTPAITO3UIINMN );
. dx A D -V A (u3 5. mo npasusy Bepraiica);

. —ode A=Vx oA (u3 3. 1 6. Mo mpaBuJIy KOHTPAIIO3UIINN).

AHaJIOFI/Iqu JIOKa3bIBACTCS BBIBOAUMOCTL BTOPOH (DOPMYJIbL.

=~ O OU = W N

Yunpaxnaenue. JJokaszars BLIBOIAMOCTDL (pOPMYJT:
a) Va Vy P(z,y) D Vy Vz P(zx,y);

6) dz dy P(z,y) D dy dx P(x,y);

B) Vo P(x) D dz P(x);
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r) Ve P(x) VVz Q(z) DVr (P(x) VQ(x));

n) 3z (P(z) & Q(z)) D 3z P(z) & Jz Q(z);

e) Vz (P(z) & Q(x)) D Vr P(x) & Vo Q(z);
x) dz (P(z) V Q(z)) D 3z P(z) V Iz Q(=);
3) Vo (P(z) D Q(z)) D (3z P(z) D 3z Q(x)).

5 5. BpIBOIm, M3 rumores

[Iycts I' — mpousBoJsibHOE (BO3MOXKHO, OECKOHEYHOE) MHOXKECTBO
dopmysr curmaryper ). Bweodom us I' HasbIBaeTrcsa Takasi IOCJe-
IIOBaTEJIbHOCTh popmya Bi,...,B, curHaryps {1, 4T0 mupu Jir0OOM 1
(¢ =1,...,n) dopmyna B; mmbo ectb akcnoma, b0 MOJIYIEHA, U3 TIpe-
by X popmyat mo npasuay (Taut), mubo mosyueHa u3 Kakoii-udo
npenpiaymeir popmysisl A mo npasuiny (Gen), T.e. mmeer Bun Vo A,
IpudeM epeMeHHas £ He BXOIUT CBOOOIHO HU B OJHY U3 (POPMYJI MHO-
xkectBa I'. Bynem roBoputh, uto dpopmysia B eweodumcesa u3 I' u mucarth
I' - B, eciu cymecrByer Takoit BeiBog By, ... , B, us I', auro B, = b.

Takum obpasom, popmysibl u3 I' npu nmocrpoennn BeiBoaa u3 I’ urpa-
IOT TY YK€ POJib, YTO 11 AKCUOMbBI; OOBbIYHO 3THU (POPMYJIbl HA3BIBAIOTCS 2U-
nomesamu. O4eBUIHO, 9TO €CJIi MHOXKecTBO rumnores I' mycTo, To ompe-
IeJjieHre BBIBOAUMOCTHY 13 1’ mpeBpalaercs IpocTo B OUpeaesieHe Bbl-
BOAMMOCTH. YCJIOBUMCsI BMecTo & F B mmucars - B. 3amernM, 4TO ecjn
B I' BXOOSAT TOJIBKO 3aMKHYTbIe (POPMYJIbI, TO OrPAHUYEHNE HA HIPUME-

HeHre npapuia (Gen) B oopenesieHnN BBIBOIA U3 I BBIIOJIHAECTCST aBTO-
maruwdecku. Bmecto {Ay,..., Ay} F A 6ynem mucars Aq, ..., A, F A.

[ITpumep. Hokaxem, aro P(x), Yy (P(y) D Q(y)) F Q(x). IHeii-
CTBUATEJILHO, CJICAYIOIIAS OCIEI0BATEIbHOCTD ABJISIETCS BHIBOIOM:
1. Vy (P(y) D Q(y)) (runoresa);
2. Yy (P(y) D Q(y)) D (P(x) D Q(x)) (axcuoma (a3));
3. (:U) DQ(x) (m31. u2. no (MP));
4. P(x) (rumoresa);
5. Q) (

Q(z) (m3 3. u 4. mo (MP)).

YcranoBuM HEKOTOpbBIE MMPOCTHIE, HO BazKHBIE CBONCTBA OTHOIIECHMUSI
BoiBoOumoctTu ' F B.

Teopema 8. IIycrs I' m A — npousBoOJIbHBIE MHOXKECTBA, 3aMKHY -
TeIX popmys1 curHarypbl §2, opuaem A C I'. Ilycte B — ¢opmya
curaarypsei (). Torna, ecm A+ B, roI' F B.



70 I'n. 3. Daemernmov, meopuu doxka3amesbeme

HoxaszarensbcrtBo. Illycts By,...,B, — BbIBOO dpopmysbl B us
A. OueBHIHO, YTO OH sABJIAETCSA TakxKe BbIBoIoOM m3 I'. [leficTBuTesinh-
HO, Kaxkgas u3 gopmys B; (¢ = 1,...,n) aubo ABIAsieTCs aKCHOMOIA,

6o npuHagiexut A (a, 3HaduT, u '), jubo moJyvueHa 1o mpaBuiam
(Taut) nam (Gen) n3 npempioynmx dopmysi. Kpome TOro, mocKoJIbKY
[’ cocTouT TOJILKO U3 3aMKHYTBHIX (POPMYJI, BBLIIOJIHSIETCS OrPAHUYCHUE
Ha mpuMeHenne npasuia (Gen), T.e. BBINOJHSIOTCA BCe TPeOOBAHNS,
comepxkaluecs B onpenejaenun BbiBoga u3 1. Teopema mokazana.

Teopema 9. Ilycrs I' — npousBoJibHOE (BO3MOXKHO, OECKOHEIHOE)
MHOXKEeCTBO (popMy.JI curHaTypsbl (), B — npousBoJibHAsT (hOPMYJIa CUTHA-
typsl §), npudem I' - B. Torma cymecrByeT Takoe KOHEYHOE MHOXKECTBO

ACT, gyto A F B.

HokasareabcTtBo. IIycts I' F B. 910 03Hagaer, 4To cyuecrByeT
Takoit BIBOI By, ... , By u3 ', aro B,=B. [lycts A={B;,,... ,B; } —
MHOXK€CTBO Bcex hopMmyJ1 u3 I', BXomsimmx B 9TOT BbIBOA. OYeBUIHO, 9TO
BBIBOJ, B1, ..., DB, yIoBJjerBopsieT BCEM TPEOOBAHUSIM, COIEPIKAIIMMCS
B ompenesieHn’ BhIBOIa n3 A. 3HAUUT B BBIBOANMA U3 KOHEYHOTO MHO-
xkectBa A C I'. Teopema mokasaHa.

Teopema 10. IlIycrp I' w A — npousBoJIbHBIE MHOXKECTBA 3aMKHY-
TBHIX (POPMYJI CHTHATYPHI §), npudeM Bcskast popmyaia C € A BpIBOIIMA

3 I', mw nycrs B — npowusBosibHass popmysia curaarypel 0 mw A F B.
TornaI' - B.
HoxaszareancTtBo. llycts By,...,B,, — BbIBOO dpopmysbl B us

A. Ilpeobpasyem ero ciaenyiomum oOpasoM. Bciomy, rme B 3TOM BbI-
BOJIe BCTpevaercd Kakasg-Hubyap u3 dopmya C € A, 3aMeHHM ee Ha
BBIBOI 3TOi (popmysinl m3 I'. HerpymHo mpoBepuTh, 9TO IMOJIyUeHHAS
HOBAsA ITOCJIEIOBATEILHOCTDL (POPMYJ ABJIAETCS BBIBOOOM (POPMYJILI [
n3 I'. Teopema noka3zana.

Teopema 11 (reopema o memykinuum). Ecom I'U {A} + B, 10
I'HADB.

HoxaszareannbctBo. llycts By,...,B,, — BbIBOO dpopmysbl B us
F'u{A}. Hoxaxewm cuagasa, yro ecau B; € TU{A} wnu B; — akcuowma,
ToI'FADB;. EcuB; €', tol' H A D B;, rak kxax A D B; — TaBTO-
jorugeckoe ciaencrsue popmynl B;. Eciuxe B; = A, toI' - A D B;,
tak Kak A DO A — rmaBrosorus, T.e. akcuoma. Ecim B; — akcumoma, TO
I'-ADB;, tak kxax I' F B;, u A D B; — TaBToOJI0rn4YecKoe cjeacTBie
dopmysnr B;.

Temeps nHOyKIMEll MO ¢ JOKaXKeM, YTO IJId BCeX ¢ < 7 UMeeT MeCTO
I' - A D B;. 9roro nocrarouno, Tak kax B = B,,.
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[Tycts ¢ = 1. B arom cayuae B; € TU{A} win B; — akcuoma, n MbI
yxke mokasasu, uro I' - A D B;.

ITycts ¢ = k + 1, m nna moboro j < k umeer mecro I' - A4 D B;.
Bo3MOxkKHBI TpHu cjydasd.

1) B; — akcuoma win B; € ' U {A}. B sTom ciydae yTBepKIeHne
yKe DOKa3aHo.

2) B; nonydena uz dopmya B;,, ... ,B; ¢ MEHbIIUME HOMEpPaMU IIPU-
menenvem npasuia (Taut), T.e. B; — TaBTOIOTHYECKOE CIeicTBIE (HOp-
My Bi,,...,B; . Herpynno mpoBepurhb, uT0 B 3TOM ciaydae A D B;
SIBJISIETCSI TABTOJIOIMYEeCKuM cJienctBuem gopmya ADB;, ... , ADB; .
ITo wagykTuBHOMY Tpenmosioxernuto I' - 4 D B;,,... ., ' A D B; .
Boimumem noapsn seiBon uz I' dopmyn A D B;, (I =1,...,m) u no-
baBUM K IOJIydeHHOH nocsenoBareabnoctu dopmyiny A DO B;. He-
TPYOHO IPOBEPUTH, YTO BOSHUKAIOMAS IPU DTOM IIOCJIEIOBATEILHOCTD
.. A D Biy,..., A D B; ,A D B; sBasgercsa BbIBOIOM (DOPMYJIbI
ADB;uz .

3) B; nonyuena mu3 B; no npasuny (Gen), npudem j < k. Torma
B; = Vz B; u = me Bxonut csobonuo B A u dpopmynsl u3 I'. Ilo maIyX-
TuBHOMY mpennosioxenuio I' = A4 D B;. Ilycts Ci,...,Cp, A D B —
BbIBOZ, opmysiel A DO B u3 I'. JlonosHEM 3Ty NOCJIEI0BATEIbLHOCTD
caenyrommmu dpopmynamu: Vo (A D B;) (monmydeHa n3 npenbiayieit
no npasuiy (Gen)); Vo (A D B;) D (A D Vz B;) (akcuoma (ad));
A D Vz B; (nonydena us nsyx npenpyiymux no npasuity (MP)). Ilo-
JIy9eHHAsI MOCJIeHOBATEIbHOCTH (DOPMYJI OYEBUIHO SIBJISIETCSA BBIBOIOM
dbopmymsl A D Vz B; uz I'. Teopema nokaszana.

T 9

Bynem roBoputhb, 4T0 MHOXKeCTBO dhopmys I' npomusopeuuso, n mnu-
carb I' F 1, ecsiu cymecTByer takas ¢dopmysia B, uro ' B u I' - —B.
B nporuBHOM ciydyae MHOXKecTBO I' OyneM Ha3bIBATL HENPOMUBOPEYU-
BbIM.

Teopema 12. a) Ecmu ' - L u C — Jmobast popmysa, o I' + C.
6) EctuT',-AF L, 7ol - A.

HokasateabcTtBo. a) Ilo ycioButo I' - B u I' - =B njs Hekoto-
poii dopmysibl B. Beinumem noapsig Apyr 3a IPYIOM BbIBOALI (POPMY.JI
B u—-B u3 I'. K noaydernoii mocjenoBaTeIbHOCTA T00aBUM (DOPMY-
ny C. Hopas nocsieqoBaresibHOCTb GOpMyJI ... , B, ..., B, C aBjsiercs
BbIBOJIOM (bopMmyJibl C u3 I', mockobKy dhopmysia C ABJIsieTCsS TaBTOJIO-
I'I9eCKuM cJiencTsueM gpopmys B u —B.

6) Ilo yciaoButo I'y)-A F B u I',-A F =B nas mekoropoit ¢popmy-
sel B. Ilo teopeme o genykumu I' - - A D Bul F - A D —B. Bomumem
noapsn IPYyr 3a apyrom BbiBoabl dopmyir = A D Bu - A D -Bus I
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1 nobaBuM K HuUM (popmyay A. Tlomydennas mocienoBareibHOCTEL (hoOp-
Mya ..., A D B,...,-A D =B, A aBnasderca BeiBogom dopmysibl A
n3 I', mockosbKy A sIBJISIETCsI TaBTOJIOTMYECKUM CJICACTBAEM (pOPMYJI
-A D Bu-A>D-B. Teopema moxkasana.

Teopema 13. MuoxecTBO 3aMKHYTHIX popmyJ1 ' HemporuBopedn-
BO TOIJa M TOJIBKO TOILZa, KOIda JII06oe KOHEUHOE ero IOAMHOXKECTBO
HEIIPOTHUBOPEYUBO.

HokasareabcTBo. 1) IokaxkeMm, 9TO €CJIu MHOXKECTBO 3aMKHY-
ThIX (popMyJ1 I' HEIPOTUBOPEYUBO, TO JIF0OOE ero moaMHOXKecTBO A C I
HerrpoTuBopeduBo. Ilycts I' menporuBopeunBo. domycTtum, 9T0 HEKO-
TOPOE ero IIOIMHOXKECTBO A IPOTHUBOPEYHBO. IDTO O3HAYAET, UTO HJIsA
HekoTopoit popmyssl B umeer mecto A F B u A F =B. Ilo Teopeme 8
orcroga ciaenyet, 9to I' - B u I' F =B. 910 HEBO3MOXKHO B CHJIY IIpe-
IOJIOXKEHMsI O HenmporuBopednBocTH I'. 3HaunT, A HEIPOTUBOPEUUBO.

2) Ilycre sr060e xkonedHoe mogmMuOxkecTBO A C I' HenmporuBOpedn-
Bo. lomyctum, uro I' mpoTUBOpEedUnBO, T.€. [JIs1 HEKOTOPOIi (DOPMYJIbI
B umeer mecto I' HF B u I' H =5. Ilo Teopeme 9 cyuecTByrOT KOHEY-
Hbple MHOKecTBa A7 C I' m Ay C I' takne, uto A F B u Ay F —B.
IIycte A = Ay U As. B cuny Tteopembr 8 A H B u A F —-B. 3uaqnur,
A — IPOTUBOPEYNBOE KOHEYHOE MHOXKECTBO. ITO MPOTUBOPEUNT HAIIIE-
MY OpennoJoKeHun. Juaqut, I HenporuBopeunBo. Teopema nokas3aHa.

Yupaxuenne. [lokazars, ITO
a) Vo (P(z) D Q(x)), P(y) - Qy);
6) Va (P(z) D Q(x)), Yo P(x) F Vo Q(x);
B)Gl—‘v’w‘v’zElyx T=2
r) FEVz z-0=0;
n) FEVeVy (z-y=0D>2z=0Vy=0),
rne G u F' — cucreMbl aKCUOM TPYIII U MOJIeil COOTBETCTBEHHO.

3 6. Teopuu mepBoro mopsakKa

ITycth HaM maHa Kakasg-sinbO cucTeMa akCuoM, T.e. (Booble roBops,
IPOM3BOJIbHOE) MHOXKeCTBO [ 3aMKHYTBIX (bopMmyJI curHaTypsl (). Mare-
MaTHKa HHTEPECYIOT IIPEXKIEe BCETO Te MPenjOKeHnsd, KOTOPbhIe SIBJIAI0T-
CsA JIOTUYECKUM CJIEACTBUEM aKCHUOM, T.€. TaKue 3aMKHYThbIe (DOPMYJIbI
A curaarypsr 2, uto I' = A. Crenyiomas TeopeMa MOKa3bIBAET, UTO
IOCTPOEHNEe BBIBOIA npemytoxennst A n3 akcuom I’ siBjisseTcst omuanM m3
CIIOCODOB yCTaHOBJIEHHsI TOro pakTa, 4ro A sorudeckn ciaemyer us I
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Teopema 14 (0boOmenHass TeopeMa 0 KOPPEKTHOCTHA MCUNCIEHUS
npequkaToB). Ilycrs I' — npowusBoO/IbHOE MHOXKECTBO 3aMKHYTHIX (hOp-

MyJs1 curHarypel §), B — 3amkHyTas ¢popMmysia TOMH Ke CUrHATYDBI, IIPH-
gem [' - B. Torma I = B.

llokaszareabcTtBOo. IIycts I' F B. Ilo Teopeme 9 cymecTByeT Ko-
Hegnoe MHOxKecTtBO {Di,...,D,} C I' takoe, uro Dq,...,D,, F B.
[Tpumensst m pas TeopeMy O JeAYKIMH, IToJaydaeM, 4To (popMyJia

DiD>2(MyD(..2MDmDB)...))

BBIBOJIMMA, B UICUMCJIEHUN IIPEeIUKATOB. B cujy TeopemMbl 0 KOppeKTHOCTH
MCUINCJIeHNs TpeankaToB (TeopeMa 4) sta dpopmysia obIme3sHadInMa, T. €.
NCTUHHA B JII0O0II nHTepnperanun. B yacTHOCTH, ecyin I — IIPOu3BOJIb-
Hasg monesib MHoxkecTBa I, To I =Dy D (D D (... D (D, D B)...)).
[Ipuaumas Bo BHUMaHUE, 910 Di,...,D, € ', a moromy I = Dy,...
..., I = Dy, a rakxke omnpenejieHre UCTUHHOCTH [Jisi (DOPMYJI, UMe-
IOMUX BUI UMILIUKAINK, ToaydaeMm, uro I = B. 3uaudut, B uctunna
B 10601t momesn I') T.e. I' = B. Teopema mokazana.

IlokazanHas TeopeMa IaeT BazKHbII CIIOCO0 YCTAaHOBJIEHISI HEIIPOTH-
BOPEYNBOCTH MHOXKECTBA (DOPMY.I.

Teopema 14'. Ilycrs mHOXKECTBO 3aMKHYTBIX (hbopmys I curuary-
pbI ) umeer momesib. Toraga I' HenporuBopeduso.

IHHokazareabcTBo. llycts I’ umeer monesn. HomycTum, 4T0 MHO-
»kecTBO I IpoTHBOpPEYNBO, T. €. IJIsI HEKOTOPOoii popmyibl A curHarypsl
QTI'FAul F-A Tornal F Aul = A no reopeme 14. A 310

HEBO3MOZXKHO B CHJIY OIIpcacJICHNA NCTUHHOCTH. TeopeMa JOKa3aHa.

[IpenbsaBienne BbIBOIA POpMyJIbl A 13 MHOKECTBA aKCOM [’ MOXKHO
paccMaTpuBaTh Kak dokazameabcmeo yTBepKIeHus A Ha OCHOBe akcu-
OM, a caMO Tpenjiokenue A, g KOTOPOro MOCTPOEH TAaKOi BBIBOI, —
KaK meopemy. ITO BIIOJIHE COOTBETCTBYET MPENCTABJICHUIO O TeopeMe
KaK 00 YTBEpPXKIEHUN, NMEIIEM T0Ka3aTeIbCTBO HA OCHOBE aKCHOM.

MHoxkecTBO 3aMKHYTBHIX (DOPMYJI, KOTOPbIE JIOTMYECKU CJIEIYIOT U3
TTAHHOTO MHOXKECTBA aKCHUOM, HA3BIBAETCS HEPOPMAALHOT GKCUOMAMU-
weckoll meopueli (M cemarmuueckolt meopuel).

MHOKeCcTBO 3aMKHY THIX (pOPMY.JT, KOTOPbIE BHIBOAUMbBI B UCHUCJICHUN
NpEeIUKATOB M3 JAHHOTO MHOYXKECTBA aKCHUOM, HA3bIBAETCA (HOPMAALHOT
axcuomamuueckott meopueti (nnu dedykmusnotli meopueti).

MuoxectBo dpopmys I' curanarypsr () HasweiBaeTrca dedyxmueHo 3a-

MEHYMDBIM, €CJIN OJ1d JI000# 3aMKHYTOI dpopmysibl B curHarypsl ) u3
I' - B cnenyer B €T
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Teopema 15. Becakas ¢popmasibHAsI aKCHOMATHIECKAsT TEOPHS JI€-
JAYVKTHBHO 3aMKHYTA.

IHHokazareancrno. Ilycte I' — HekoTopasa cucrema akcuom, I —
COOTBETCTBYIOIMAA €ii IenyKTHUBHAsA TEOpus, T.e. MHOXKECTBO BCEX 3a-
MKHYTBIX (POPMYJI, BRIBOOUMBIX u3 I', u nyctb T' F B. Mbl HaxoouMm-
cA B ycjoBusix Teopembl 10: Bcsaxkasi ¢popmysa u3 T BemBoguma us I,
n T+ B. B cuny s1oit Teopembr I' F B, 1.e. B € T. Teopema jgokaszana.

Teopema 16. Bcakas HedpopMasibHASI aKCHOMATHIECKas TEODHS
AC€AVKTUBHO 3aMKHYTA.

IHHokaszareancTtBo. Ilycts I' — HekoTopasa cucrema akcuom, 1 —
COOTBETCTBYIONIAA €ii cCeMaHTUYEeCKasl TEOPHs, T. €. MHOXKECTBO BCEX 3a-
MKHYTBIX (popMy.JI, jJjorudecku cienyomux u3 I', u nycts T+ B. Ilo Te-
opeMe 9 cymecTByeT KoHedHOEe MHOXKecTBO hopmya {D1,... , Dy} CT
Takoe, 910 D1,... , Dy, F B. Ilycts I — npousBoJibHAaA MOIE/Ib MHOXKE-
crBa I'. Tax kak Ds,...,D,, npunagmexar teopuu 1, o I = Dy, ...
..., I E Dy, 1.e. I — monenp muoxectBa {D1,...,D,}. B cuay 06-
OOIIeHHOIT TeopeMbl 0 KOPPEKTHOCTU WCUYNCJIEHUS MPEInKaToB (Teope-
ma 14) {D1,... ,Dy} = B. 3uaqgur, I |= B. Takum obpasom, B uctunna
B JI000I1 Momesim MHOXKecTBa 1', 3HaquT, B jtornyecku ciaenyer u3 L', 1. e.
B € I'. Teopema mokasana.

B cuny teopemnbl 14, ecoiu I' — HekoTopasi cucreMa akcuom, 17 —
3aJaBaeMasi €0 IeIyKTUBHAsA Teopud, a 15 — COOTBETCTBYIOIIAA el ce-
MaHTuUJIecKass Teopusi, To 17 C T5. Hameit ommkaiimeit menbo OymeT
IOKa3aTEeJIbCTBO OOHON M3 BAXKHEUIINX TEOPEM MATEMATUYECKOUN JIOTHU-
Ku, 910 17 = 15, T. €. 9TO MOKHO I'OBOPUTH 00 aKCMOMATUIECKOil Teopuu,
OIIyCKas »MUTeThl “popMasibHasa # “HedOpMaJbHas .

Kaxk BumHO u3 TeopeMm 15 u 16, j1rodas nenykKTuBHas TEOPUsT 1 JIFOOAs
CeMaHTHYIeCKad Teopus IeAYKTHUBHO 3aMKHYTHI. ITO CBOICTBO JIEKUT
B OCHOBE CJIEOYIONIETO OIpeaesIeHNs].

Teopueti nepeozo nopsadka (aaemenmaproti meopueti NI TPOCTO Mme-
opueti) B curHarype {) Ha3bIBAeTCs IMPOU3BOJILHOE JEIYKTUBHO 3aMKHY-
TOe MHOXKECTBO 3aMKHYTBhIX dopmys curHarypsl (). Takum obpasom,
nist reopun 1 yrBepxkaenusi A € T'u T F A paBHOCUJIBHBI.

CemMaHTHYECKAsI U O€AYKTUBHAsS TEOPUH, 33 JaBaEMble HEKOTOPOIi CH-
cTeMOil aKkCcuoM, — IIpHUMepbl Teopuii mepBOro mopsaka. PaccMoTpum
ele oauH cunocod 3adaHWsl TeOPUil, KOTOPLIH HAapsAOy C aKCUOMAaTHUe-
CKUM IIIIPOKO MCIOJIb3YEeTCs B MareMaruke. A MMeHHO, IyCTh 3apuK-
CUPOBaHa HEKOTOpasd nHTepupeTanus I curuarypel (2. PaccMoTrpum MHO-
xkectBO 1'([) 3aMKHYTBHIX (bOopMyJT curHaTypbl §), HCTUHHBIX B 9TONH MH-
teprpetanuu. QueBumgHO, uT0 I — Momesbp muoxkectsa 1'([1).
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Teopewma 17. KakoBa 61 Hu OblLj1a uHTEpHIperalnus I, MHOXKeCTBO
T'(I) meayxkTHBHO 3aMKHYTO H, CJICIOBATEJILHO, SBJISIETCSI TEOPHEL 1Iep-
BOI'O HOPSIIKA.

ITokasareabcTBO. HokaxkemMm, 9T0o ecou 3aMKHyTasd dopmysia A
curnarypst {) takosa, uro T(I) H A, o A € T(I). Iycts T(I) F A.
B cuiy obobmenHoit TeopeMbl O KOPPEKTHOCTUA MCUNCJICHUST MPEeanKa-
toB (Teopema 14) T'(I) E A, 1.e. A uctunna B s11060it MOmE M MHOKE-
ctBa 1'(I), B wactunoctu, I = A. 9710 kak pas u oznagaet, uro A € T'(I).
Teopema moxa3zaHa.

Teopusi T'(I) HaswpBaeTcs asemeHmapHoti meopueti urmMepnpema-
yuu I K TeopmsiMm mepBOro mopsigka OPUMEHUMO IIOHSTHE HEITPOTU-
BOPEUYMBOCTH, BBEIEHHOE HAMU OJIS IPOU3BOJIBHBIX MHOXKECTB (POpMYJI.
V3 Teopembl 12 ciemyer, 9TO eCau TeOPHUsi TPOTUBOPEUYMBA, TO OHA
COIEPKUT BCE 3aMKHYTble (DOPMYJIbI HAHHOW curHarypnl. M3 Teope-
MbI 13 HEIOCPEICTBEHHO BBITEKAET, YTO Teopud 1 HEeOPOTUBOPEUNBA TO-
IIa U TOJILKO TOIOa, KOTrHa Jiroboe KoneuHoe MHoxkecTBO A C T mempo-
TUBOPEYUBO.

Teopust mepBoro nopsiaka 1T’ B curaarype ) Ha3bIBaeTCs NOAHOT (HH
dedyxmueno noanoti), ecan T HEIPOTUBOPEUMBA, U OJIsI JO0O0H 3aMKHY-
toii (hopmysibl A curnarypsr 2 mmbo A € T, 6o - A € T. B nporuBHOM
cJIydae HeIIpOTUBOPEYUBAsA TEOPUA HA3BIBACTCSI HENOAHOU.

Teopema 18. KakoBa 6b1 Hu Opljia mHTEpHpeTalus I, ee sjaeMeH-
raprast reopust T'(I) mosiHa.

ITokasareabcTBo. KakoBa Obl Hu Oblj1a 3aMKHyTasag popmysia A,
BBITTOJTHSIETCA POBHO omHO w3 yeyosuit: I = A nin [ = A n, sHaqawur,
I E —-A. B nepsom cayuyae A € T(I), Bo Bropom — = A € T(I).
Teopema mokaszaHa.

IIycts K — HEeKOTOpBI KJjacc unTepnperannii curaarypst ). Pac-
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